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Ultrasonic testing for defects in anisotropic material is one of the difficult problems in non-
destructive testing (NDT)with elasticwaves. Even though a series of studies have beenperformed
on thewaves interactingwith flaws, however, only a small portionwas on anisotropicmaterials. In
this paper, an analytical solution for the far-field scattering response of a side drilled hole (SDH) in
anisotropic media in an ultrasonic pulse-echo setup with its incident wave normal to the axis of
cylindrical hole is presented. The solution is based on the Kirchhoff approximation, and validated
upon several numerical examples, yielding satisfactory results in the comparison to the results
achieved by different methods. Also, an attempt is made to extend the use of this solution from
homogeneous anisotropic media to weld, which is considered as the multi-layer anisotropic
media.

© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

Ultrasonic nondestructive testing for defects is a common testing procedure in aerospace industries, nuclear power industries,
etc., where the main task is to identify locations of anomalies and their quantification in order to assess their lifetime. As the
properties of the composite materials and welds allow the significant improvements in the performances of aircrafts and power
plants, the demand of suchmaterials is increasing rapidly. Thus, to get a deeper understanding of the testing in suchmaterials and
howwaves scatter from various types of flaws, theoretical predictions for the scattering response of a flaw in the anisotropicmedia
are very valuable. Moreover, it is valuable to improve the efficiency of the calculation of the wave propagation in such a complex
material.

In the ultrasonic nondestructive testing, side drilled hole (SDH) is one of the major standard reflectors which are used for the
calibration of equipments and transducers. The SDH is drilled parallel to the scanning surface and presents the same reflector to all
beam angles. A single calibration block containing several SDHs at different depths can therefore be used to generate a distance
amplitude correction (DAC) curve for any probe. Many authors have studied the measurement models and scattering models for
predicting the ultrasonic pulse-echo response from the SDH using different approaches. For the measurement models, Lopez-
Sanchez et al. [1] developed two reciprocity-based measurement models to predict the ultrasonic response from an SDH, one
suitable for large SDHs and one for small SDHs and the simulation results were compared with the experimental ones. For the
scattering models, an analytical method like the separation of variables was studied by White [2], Niklasson and Datta [3].
Krautkrämer and Krautkrämer [4] used simple high-frequency arguments to investigate the scattering dependence on the
frequency and SDH radius. Chapman [5] used an analytical approximation in conjunction with a simple model of an ultrasonic
probe to determine the scattering by an SDH and employed this for calibration, see also Schmerr [6]. Bostrom and Bovik adopted
the T matrix solution [7]. However, these were applied in the isotropic or transversely isotropic materials only. Purely numerical
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methods, like the finite element method (FEM) and the elastodynamic finite integration technique (EFIT), which can handle the
anisotropic inhomogeneous media in the three dimensions were studied by Harumi et al. [8] and Fellinger et al. [9]. But as the
number of degrees of freedom becomes too large in 3D in the anisotropic materials, a personal computer was not able to afford to
calculate the scattering problems. Nowadays, the semi-analytical technique is gaining more and more popularity in the field of
ultrasonic wave propagation. The Distributed Point Source Method (DPSM) developed by Placko and Kundu [10] has been used to
model the elastic wave scattering in a homogeneous solid half-space with a circular cylindrical hole [11]. This mesh-free semi-
analytical technique circumvents the problem of small mesh size requirements and works well at high frequencies. Another
analytical approximation, the Kirchhoff approximation also called the tangent-plane method, is a very versatile approximation. It
is assumed in this approximation that on the part of the flaw surface where the incident wave can directly strike, the interaction of
the incident wave with the surface is identical to that of an incident plane wave with a plane interface whose normal coincides
locally with the flaw surface normal. On the remainder of the flaw surface, the elastic wave fields are assumed to be zero. Using this
approximation, the analytical solutions for arbitrary boundaries and volumes can be derived. Additionally, the computation time is
minimized since no matrix inversion is involved. It extends well beyond the size/frequency and angular ranges commonly
assumed for this approximation. Besides, it can accurately predict the very early response of the flaw in isotropic media to a very
wide range of cases [12].

Spies has applied the Kirchhoff approximation for the circular shape defects embedded in an anisotropic material [13]. Huang
et al. have obtained an analytical expression for the pulse-echo leading edge response of an arbitrary volumetric flaw in an
anisotropic medium and pitch–catch response of a flat elliptical crack [14]. To our knowledge, so far there's no paper published on
the scattering behavior of an SDH in anisotropic material. This study presents a derivation of the expression for the pulse-echo
response of an SDH embedded in an anisotropic medium.

In the following sections, the analytical solution of the far-field scattering response of an SDH in the anisotropic media in the
ultrasonic pulse-echo setup is derived. First, we will outline the measurement model for SDH. Then we demonstrate how the
Kirchhoff approximation is adopted to obtain the analytical solution. At the end of the section, the reflection coefficients for a plane
interface are derived for the numerical integral. In Section 3, the numerical results in the frequency domain and time domain are
presented in both one medium and two layered media in order to explore the application of this model to weld, which is
considered as the multi-layered anisotropic materials. Section 4 is devoted to conclusion.

2. Analytical solution for the far-field scattering response of an SDH in anisotropic media in the ultrasonic pulse-echo setup

2.1. A measurement model for SDH

Themeasurement model for SDH has been already discussed in detail by Schmerr et al. [6,12], and Lopez-Sanchez [1], therefore
only the basic equations of the measurement model of the SDH have been given here for the continuity of our discussion. The
modeling of the ultrasonic NDE inspections for the SDH is a rather complex problem, which involves the radiation, propagation,
scattering by a flaw and reception of ultrasonic waves. Fortunately, this complex problem can be handled using a measurement
model based on the reciprocity relationship, which were introduced by Auld in 1979 [15]. In the relationship, the voltage response
VR(ω) at the angular frequency ω received by a transducer in the absence (state 1) and in the presence of a flaw (state 2) was
related to the elastodynamic field taken in both states integrated on a surface, Sf, of the flaw, which can be written as:
VR ωð Þ = s ωð Þ
vTvRZ

T;a
r

∫
Sf

τ 1ð Þ
ij x;ωð Þv 2ð Þ

i x;ωð Þ−τ 2ð Þ
ij x;ωð Þv 1ð Þ

i x;ωð Þ
h i

ni xð ÞdS xð Þ ð1Þ

the system function s(ω) combines the effects of the pulser/receiver, cabling and the transducer on themeasured signals, vT
where
and vR are the average velocities on the face of the receiving and the transmitting transducers respectively. The fields τij(1, 2) and
vi
(1, 2)

are the stress field and the particle velocity obtained in states 1 and 2. The quantity Zr
T ; a is an acoustic impedance of the

transmitting transducer and ni is the component unit outward normal to the flaw.
Assuming the incident wave fields are quasi plane waves of the wave type α, then for state 1, the total velocity field and stress

field can be written as:
v 1ð Þ
i = v0

ˆVαdαi exp ikae
α⋅x

� � ð2Þ

τð1Þij = − v0
cα

ˆVαCijkld
α
k e

α
l exp ikae

α⋅x
� � ð3Þ

cα and kα are thewave speed andwave number of the incident wave of type α in the solid. And V̂α , the velocity amplitude of
where
the incident wave at a point x, is normalized by the velocity amplitude v0 at the transducer's surface. The term Cijkl is the stiffness
tensor for the solid. The unit vector eα is a unit vector of the phase velocity of the incident wave, while diα is the polarization of the
incident wave.
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For state 2, the total velocity field and stress field including incident wave and scattered wave can be given by expressions
similar to Eqs. (2) and (3), if the reflected wave type is m, as follows:
where
v 2ð Þ
i =

v0
ˆVm

−iω
ṽi ð4Þ

τ 2ð Þ
ij =

τ0
ˆVm

−iω
τ̃ij ð5Þ

ṽi and τ̃ij are the dimensionless quantities representing the normalized velocity and the stress field by the planewave of the
where
unit displacement amplitude respectively.

For an immersion ultrasonic pulse-echomeasurement as shown in Fig. 1, substituting Eqs. (2)–(5) to Eq. (1), using the relation
of the displacement amplitude with the velocity amplitude ũj x;ωð Þ = ṽj x;ωð Þ= −iωð Þ and rearrange the equation [12], the
received signal for an immersed pulse-echo setup (m=α,vT=vR=vo), can be written as [1]:
VR ωð Þ = s ωð Þ 4πρcα
−ikαρf cf

" #
∫
S

Vα x;ωð Þ2A x;ωð ÞdS; ð6Þ

A x;ωð Þ = 1
4πρc2α

τ̃ijdαIj ni + ikαCijkld
α
Ske

α
Sl ũjni

� �
exp −ikαeαS ⋅x

� �
.

The term ρf and cf represent the density and the sound speed of the fluid. In the expression A, to distinguish the incident wave
and scattering wave, an “S” is added to the subscript of e and d to represent the scattering wave and “I” is added as the subscript to
represent the incident wave. The unit vector eαS represents a unit vector in the direction of a scattered wave in the solid, while eSlα is
the component of the unit vector eαS in the scattered wave direction. The polarization of the incident wave and scattered wave are
denoted as dIjα and dSk

α , respectively.
Fig. 1. An immersion ultrasonic pulse-echo measurement of the scattering from an SDH.
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If the SDH is small enough to ignore the variation of the velocity fields over its cross-sectional area, which means that over the
‘lit’ surface of the cylinder the velocity fields is dependent of the x2-coordinate along the cylinder, then Eq. (6) becomes [12]
Fig. 2. (
cylinde
VR ωð Þ = s ωð Þ 4πρcα
−ikαρf cf

" #
∫
L

Vα x;ωð Þ2dx2 ∫
C

A x;ωð Þdc xð Þ; ð7Þ

c stands for the circumference of the SDH.
where
The far field scattering amplitude of the cylindrical reflector is given by
A3D ωð Þ = L∫
C

A x;ωð Þdc xð Þ: ð8Þ
With Eqs. (8), (7) can be written as
VR ωð Þ = s ωð Þ 4πρcα
−ikαρf cf

" #
∫
L

Vα x; sð Þ2dx2
A3D ωð Þ

L
: ð9Þ
And there is a relationship between the two dimensional scattering amplitude and the three dimensional scattering amplitude,
which can be expressed as [12]:
A3D ωð Þ = A2D ωð ÞL kα
2iπ

� �1=2
: ð10Þ
Therefore, the ultrasonic measurement model for the SDH can be expressed using the two-dimensional far-field scattering
amplitude.

2.2. Kirchhoff approximation of the far-field pulse-echo scattering of an SDH in the anisotropic material

First, let us consider the problem of an SDH of radius r and length L contained in a three-dimensional, homogeneous,
anisotropic and infinite elastic space, subjected to a plane qP-wave incident field, as shown in Fig. 2. The cylindrical coordinate
system is chosen to have the x2 direction coincident with the axis of the cylinder. The incident wave is assumed to be a planewave,
traveling in the negative x3 direction.

From Eqs. (6), (8), and (10), the two dimensional scattering amplitude of the SDH in a pulse-echo setup can be written as
follows, where C is the arc length [6]:
A2D ωð Þ =
ffiffiffiffiffiffiffiffiffiffiffi
i

8πkα

s
1

ρc2α
∫
C

τ̃ijd
α
Ij ni +

Cijkl

cα
dαSke

α
Sl ũjni

� �
exp −ikαe

α
S ⋅x

� �
dc xð Þ: ð11Þ
Since the distribution of scattered waves depends on the geometric and material properties of the flaw, it is necessary to solve
an appropriate boundary value problem. However, at high frequencies, the Kirchhoff approximation can be applicable. This
a) The pulse-echo scattering of an SDH of radius r and length L. The incident wave direction eIα, is assumed to lie in a plane perpendicular to the axis of the
r; and (b) the cross-section area of the SDH.

image of Fig.�2
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approximation assumes the shadow side of the scatterer to be motionless, while the lit side to move locally as if it were a planar
surface lit by a plane wave with an amplitude equal to that of the local illuminating radiation. For the flaw is stress-free,
τ̃ijdαIj ni = 0, Eq. (11) can be reduced to
where

and
A2D ωð Þ =
ffiffiffiffiffiffiffiffiffiffiffi
i

8πkα

s
1

ρc2α
∫
Clit

ikαCijkld
α
Ske

α
Slũjni

� �
exp −ikαe

α
S ⋅x

� �
dc xð Þ: ð12Þ
On the lit surface, the total normalized displacement field can be expressed as the summation of the incident wave field and the
reflected wave field [6]:
ũj = uinc
p + ureflt

p = dαIj exp ikα eαI ⋅x
� �	 


+ ∑
m=qP;qSV ;qSH

Rm;α
12 dmRj exp ikα eαI ⋅x

� �	 

; ð13Þ

R12
m ;α is the reflection coefficient at the interface for a reflectedwave of typem due to an incident wave of type α. When it is a
where

pulse-echo setup, the substitution of Eq. (12) with eαS = eαR = −eαI and dR
α=−dI

α leads to the following equation:
A2D ωð Þ =
ffiffiffiffiffiffiffiffiffiffiffi
i

8πkα

s
1

ρc2α
∫
Clit

ikαCijkld
α
IkD

α
p e

α
Il ni

� �
exp i2kαe

α
I ⋅x

	 

dc xð Þ ð14Þ

Dα
p = dαIj− ∑

m=qP;qSV ;qSH
Rm;α
12 dmIj : ð15Þ
If one only considers the reflected qP-waves while the incident wave is the qP-waves, and multiply both sides of the
Christoffel's equation Cijkl eIj eIl dIk=dIiρc2 by eIj dIi, and substitute it into the part of the integrand of Eq. (15), one can get
Cijkld
qP
Ik D

qP
p eqPIl ni = ρc2nieIj 1−RqP;qP

12

� �
: ð16Þ

� �

For nieIj = eαI ⋅n = cos

π
2

+ θ = −sinθ, Eq. (16) becomes
Cijkld
qP
Ik D

qP
p eqPIl ni = ρc2 1−RqP;qP

12

� �
−sinθð Þ; ð17Þ

eαI ⋅x = r cos θ +
π
2

� �
= −r sinθ: ð18Þ
Substituting Eqs. (17), (18), and dS=rdθ for Eq. (14), it gives
A2D ωð Þ =
ffiffiffiffiffiffiffiffiffiffiffi
i

8πkα

s
ikα ∫

π

0

1−RqP;qP
12 θð Þ

h i
−sinθð Þexp −2ikαr sinθ½ �rdθ ð19Þ
By the above procedure, a general integral form of a far-field scattering by an SDH in general anisotropicmedia is derived, however,
obtaining an explicit analytic result of Eq. (19) is difficult due to complex interactions. Furthermore, for many applications, a general
integralwave solution to thefield is toodifficult and time consuming, so employingoneof thevarious approximations is often adequate
and much quicker. The stationary phase method is an approximation method that takes advantage of the rapidly varying integrand's
phase [6,16]. Thesolution to the integral is givenby thecontributionof certainpoints distributedover the surfaceof the body. Physically,
the contributions resemble in the sameway the typical contributionpoints in the traditional asymptotic techniques such as geometrical
optics and geometrical theory of diffraction/uniform theory of diffraction (GO/UTD) [17]. The contributions are also called the leading
edge response of theflaw [6]. Froma ray point of view, the integral approximated by an asymptotic expansion around pointswhere the
phase is stationary states that energy travels primarily in straight lines from the source to thefield point along ray paths that are normal
to the slowness surface. In awave interpretation, the stationary phasemethod picks out the planewavewith the slowest varying phase
at eachpoint, assuming thedestructive interferenceof the others [16]. This approximationworks inmost cases, however, thephasemay
have, for example, more than one extrema, saddle points, and inflections then this approximation fails. Even though, it is possible to
rewrite the asymptotic expansion in a piecewise fashion to handle these situations [6]. And it is currently being extended using the
rather well-known uniform asymptotic expansion along with boundary layers [18], with excellent results for particular geometries.



Fig. 3. The surface region of the SDH's circumference considered in the Kirchhoff approximation with the general integral (bold line) and with the stationary phase
method (star).
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Fig. 3 illustrates the region (or the point) of the SDH's circumference considered in the Kirchhoff approximations with the
general integral and the stationary phase methods.

To evaluate Eq. (19), we want to compute the stationary values of the surface scattering integral of the type
A2D ωð Þ =
ffiffiffiffiffiffiffiffiffiffiffi
i

8πkα

s
ikα ∫

π

0

f θð Þexp ikαφ θð Þ½ �dθ; ð20Þ

efining f(θ)=(1−R12
qP ; qP

(θ))(−sin θ)r and phase function φ(θ)=−2r sin θ.
with d
For at high frequencies, it is clear that f(θ) is a relatively slowly varying function of θ, whereas the exp[ikαφ(θ)] is generally large

and rapidly varying. The rapid oscillations of exp[ikαφ(θ)] over most of the range of integrationmeans that the integrand averages
to almost zero [6].

In the stationary phase method, points θs of the stationary phase satisfy
∂φ
∂θ = 0, so only one stationary phase point: θs =

π
2
.

Note φ(θs)=−2r, φ″(θs)=2r and odd order derivatives are zero, so the resulting equation becomes
A2D ωð Þ = ikα

ffiffiffiffiffiffiffiffiffiffiffi
i

8πkα

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

kα φ″ θsð Þj j

s
f θsð Þexp ikαφ θsð Þ + iπ sgn φ″ θsð Þf g = 4½ � = −

ffiffiffi
r
8

r
ið Þ

3
2 1−R12

π
2

� �h i
exp −ikα2r + iπ = 4½ �: ð21Þ
Substituting Eq. (21) into Eq. (10), the three dimensional scattering amplitude of the SDH in the anisotropic media is
A3D ωð Þ = L
4

ffiffiffiffiffiffiffiffi
kαr
π

r
1−R12ð Þexp −i kα2r−3π = 4ð Þ½ �: ð22Þ
Eq. (22) is our final, three dimensional far-field scattering amplitude of the SDH in a pulse-echo setup using stationary phased
method. Compared to Eq. (19), the stationary phasemethod provides a fourth order accurate of the phase function. Compared to
the stationary phase method as Eq. (21) to the general integral form as Eq. (19), an asymptotic error occurs when the reflection
coefficient is not symmetric with respect to the normal to the interface, that is, the oscillations of the integrand cannot be
canceled.

For the isotropic media, R12
qP : qP

=−1, so Eq. (22) can be simplified to
A3D ωð Þ = L
2

ffiffiffiffiffiffiffiffi
kαr
π

r
exp −i kα2r−3π = 4ð Þ½ �: ð23Þ
If we compare Eq. (18) with the expression in the isotropic case in Ref. 12, we see that both expressions are the same. However,
the reflection coefficient of the anisotropic material in Eq. (22) is muchmore complex than that of the isotropic one. It depends on
the incident angle and stiffness tensor as well. The complication of the problem also arises from the variation of the slowness with
the direction of the propagation. In the anisotropic medium, the incident, reflected plane waves do not have in general purely
longitudinal or transverse polarizations. Even so, when solving the Christoffel's equation, the three polarizations of the reflected
plane waves are found still mutually orthogonal to each other. In the following, reflection coefficients for the anisotropic materials
and void SDH will be derived.

image of Fig.�3
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2.3. Reflection coefficients

To solve the problem of determining the reflection coefficients of a plane wave with an incident wave propagating in the
negative x3 direction on an SDH interface between an anisotropic half space and a void as shown in Fig. 2, we can consider the
problem as the same one as to determine the reflection coefficients for plane waves travelling in arbitrary directions relative to a
traction-free scattering surface [13,19,20].

We let sI be the incident slowness vector, sR, qP,sR, qSV,sR, qSH be the three reflected slowness vectors, respectively. Then the
incident and reflected waves can be expressed as
then t

and th
sI;R =
k
ω
eI:R: ð24Þ
For the interface between the anisotropic media and a void, it is a free boundary problem, so the stresses vanish
σ I
13 + ∑

m=qP;qSV ;qSH
σ R;m
13 = 0;

σ I
23 + ∑

m=qP;qSV ;qSH
σ R;m
23 = 0;

σ I
33 + ∑

m=qP;qSV ;qSH
σ R;m
33 = 0:

ð25Þ
To determinate the σi3 components in the anisotropic media, we first express the displacements as
um
i = Umdmi e

i knxn−ωtð Þ
; ð26Þ

he stress–strain equation for the solid as

σm
ij = Cijklε

m
kl ; ð27Þ

e strain–displacement relation as

εmkl =
1
2

∂um
k

∂xl
+

∂um
l

∂xk

� �
: ð28Þ
Using the displacement given in Eq. (26) then we can express the stress components as
σm
i3 = iωCi3kls

m
k d

m
l U

m
: ð29Þ
Fig. 4. Six solutions for a given incident angle of austenite steel [21].

image of Fig.�4


Fig. 6. The three-dimensional normalized pulse-echo qP-wave scattering amplitude versus the frequency for an SDH in the Kirchhoff approximation using the
stationary phased method (blue dash line), general integral method (red solid line) and the separation of variables solution (black dash–dot line).

Fig. 5. Three group velocities of austenite steel in the incidence plane (100) with a rotation angle φ.
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With defining a quantity Di
m=Ci3klsk

mdl
m
, Di

m can be given explicitly in terms of the reduced stiffness components as
Fig. 7. (
versus t
Dm
1 = sm1 C15 + sm3 C55

� �
dm1 + sm1 C56 + sm3 C45

� �
dm2 + sm1 C55 + sm3 C35

� �
dm3 ;

Dm
2 = sm1 C14 + sm3 C45

� �
dm1 + sm1 C46 + sm3 C44

� �
dm2 + sm1 C45 + sm3 C34

� �
dm3 ;

Dm
3 = sm1 C13 + sm3 C35

� �
dm1 + sm1 C36 + sm3 C34

� �
dm2 + sm1 C35 + sm3 C33

� �
dm3 :

ð30Þ
Introducing a reflection coefficient
R = Um
=Uα

; ð31Þ
a) The pulse-echo case where ei is normal to the grain orientation direction [010] (φ=0°), (b) the normalized pulse-echo qP-wave scattering amplitude
he frequency, and (c) the time domain wave form for an SDH in the KS (dash line) and KG (solid line).

image of Fig.�7
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e can have the following matrix equation

DqP
1 DqS1

1 DqS2
1

DqP
2 DqS1

2 DqS2
2

DqP
3 DqS1

3 DqS2
3

0
BBB@

1
CCCA

RqP

RqS1

RqS2

0
@

1
A = −

Dα
1

Dα
2

Dα
3

0
BB@

1
CCA: ð32Þ
Solving Eq. (32) yields the reflection coefficients which are needed in the SDH scattering problem in an anisotropic material.
To evaluate Eq. (32) the polarizations dlm and the slowness vector values have to be found. For the harmonic planewaves, all the

slowness vectors lie in the same incident plane and have the same projection onto the boundary as the incident wave (which is
a) The pulse-echo case where the angle between ei and the normal to the grain orientation direction [010] is 30° (φ=30°), (b) the normalized pulse-echo
e scattering amplitude versus the frequency, and (c) the time domain wave form for an SDH in the KS (dash line) and the KG (solid line).

image of Fig.�8
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acquired by Snell's law). Thus, if the interface coordinate system is selected the slowness components for the reflected and
refracted waves s2α is zero, and s1

α is equal to the incident slowness component which is known, then only the slowness component
which is left to be determined is s3α. To determine the s3

α the Christoffel's equation needs to be set as follows [20],
Fig. 9. (
qP-wav
Cijklsjsk−ρδil
� �

dl = 0; ð33Þ
The determinant of the coefficients, when the set equals to zero, determines the three sheets of the slowness surface, which can
be expanded to a sixth order equation for s3

α since s2=0 and s1
α is known. For a given s1

α, six solutions can be found in the
anisotropic medium as shown in Fig. 4.
a) The pulse-echo case where the angle between ei and the normal to the grain orientation direction [010] is 45° (φ=45°), (b) the normalized pulse-echo
e scattering amplitude versus the frequency, and (c) the time domain wave form for an SDH in the KS (dash line) and the KG (solid line).

image of Fig.�9
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In the anisotropic media, the selection of the transmitted waves is based on the energy flow direction, also called the direction
of the group velocity vector. The group velocity is determined mathematically by [22]
gj =
1
ρ
Cijklskdldi ð34Þ
Thus we must select such reflected root for which group velocity vector points back to the first medium, that is the scalar
product of the normal to the plane interface and the propagation direction should be bigger than zero. This criterion solves the
problem completely, if all six roots are real-valued. An even number of roots, however, may be complex-valued (pairs of complex–
conjugate roots). Only one physical root of any pair of complex–conjugate roots should be selected. The proper wave should be
with amplitudes decreasing exponentially with increasing distance from the interface to the second half space.

3. Numerical results and discussion

We shall illustrate the application of the analytical solution proposed in the present study and discuss the different features of
the scattering waves from the SDH in the anisotropic material for some selected cases.

First, we take an anisotropic material: austenitic stainless steel, which is transversely isotropic. This material is chosen because
it is a common filler material in the weld. Its elastic constants and density are listed herein.
Cij =

2:4110 0:9692 1:3803 0 0 0
0:9692 2:4110 1:3803
1:3803 1:3803 2:4012

1:1229
1:1229

0:7209

0
BBBBBB@

1
CCCCCCA

× 109N=m2

ρ = 7:82 × 103kg=m3
And the radius of the SDH is 2 mm, which is a common size in the ultrasonic benchmarking study [23].
The incident plane in which the incident wave and all the reflected waves lie can be selected arbitrarily. The scattering

phenomena will be in the general case, even though the material is transversely isotropic. Thus the anisotropic medium selected
previously will reflect the general behavior of an austenite crystal. In the anisotropic media, the Cartesian coordinate does not
Fig. 10. (a) The grain orientation of the weld modeled by Ogilvy, (b) an SDH with r=2 mm embedded in the layered structure.
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always lie parallel to the crystal coordinate, thus a rotation angle φ is defined as shown in Fig. 5. Fig. 5 also indicates that the
Cartesian coordinates whose axes are named x1, x2 and x3, while the crystal coordinate whose axes are named [010], [100] and
[001], planes are named (001) etc. according to the Miller index [24]. We illustrate the scattering problem by considering some
particular incidence planes as well as some rotation angles. Since the physical behavior of transversely isotropic material in (010)
plane is the same as that in (100) plane, plane (010) will not be discussed, but planes (100) and (001) are chosen as the incidence
planes here.

First, let's consider the incidence plane (001). For the material is isotropic in this plane, the simulation results of the Kirchhoff
approximation can be compared with the exact analytical result using the separation of variables [12].

Fig. 6(a) shows a comparison of the results obtained by three approaches: 1) the Kirchhoff approximation with the stationary
phasemethod (hereafter ‘KS’ solution), 2) the Kirchhoff approximation with the general integral method (hereafter ‘KG’ solution),
and 3) the separation of variables method (hereafter ‘SOV’ solution). From Fig. 6(a), one can notice that the KS and KG solutions
match verywell to the SOV solutions, except for some small oscillationswhich the SOV solution contains. Particularly, at the higher
frequencies, the agreement among three solutions is even better. Generally, it is understood that the Kirchhoff approximation is
not applicable when krb1.5 [12]. So in this case, when r is 2 mm, the simulation is not correct until the frequency is higher than
0.75 MHz. In fact, the oscillations appeared in the low frequencies are due to the creeping wave, but the Kirchhoff approximation
cannot describe them precisely. Fig. 6(b) shows the corresponding time-domain pulse-echo qP-wave responses of the SDH void
obtained by taking the inverse Fourier transform to the system function s(ω) with the center frequency of 5 MHz and the
bandwidth of 4 MHz to the scattering amplitude presented in Fig. 6(a). In Fig. 6(b), the creeping waves can be observed on the
waveforms of the SOV and the KG solutions.

In the incidence plane (100), the scattering behaviors for the rotation angles of 0°, 30° and 45° are evaluated, since the variation
in the group velocity is relatively large around 45° while the variation is mild around 30°. Investigations will be focused on the
validation of the Kirchhoff approximation results (i.e., the KG and KS solutions).

Figs. 7(b), 8(b), and 9(b) show the scattering amplitudes in the frequency domain with different rotation angles. By comparing
these results, one can notice that the amplitude with φ=45° is smaller than the one with φ=30°, while the one with φ=30° is
smaller than φ=0°. This result is accordance with Eq. (22), which shows A3D is proportional to the square root of kα, while kα is
Fig. 11. The normalized pulse-echo qP-wave scattering amplitude versus the frequency and the time domain wave form for an SDH in the KS (dash line) and the
KG (solid line) in layered anisotropic media model.
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reciprocal to the group velocity. Fig. 5 shows that the group velocity decreases from φ=45° to φ=0° in incident plane (100) of
austenite steel. In the case of φ=0° and φ=45°where the incident plane is symmetric with respect to the normal to the interface,
one can also notice that except for some small oscillations, the KS solutionmatcheswell with the KG solution, particularly at higher
frequencies in Figs. 7 and 9. While, the amplitude of the scattering of the SDH shown in Fig. 8 shows a little difference between the
KG and the KS. The ignorance of the contribution of the non-stationary phased points from the asymmetrywhen the incident plane
is asymmetric to the normal of the interface atφ=30° accounts for the asymptotic error. However, the variation of the value of the
group velocity of the qP wave in the austenite steel shown in Fig. 5 is between 5541 m/s and 6210 m/s, so the asymptotic error is
acceptable. But when the variations of the group velocity are big, then the stationary phase method is not reliable compared to the
general integral method.

Next, we are extending the application boundary of the Kirchhoff approximation to the weld which can be described as the
multi-layered anisotropic materials, but with the slowly varying orientations from a layer to the neighboring layer [25,26]. The
grain orientation of the weld modeled by Ogilvy's model is shown in Fig. 10(a), and an SDH with r=2 mm embedded in the
layered structure is shown in Fig. 10(b). By observation of the welds, the grain orientation between two neighboring layers is less
than 1.5°, and the thickness of each layer is around 1 mm. Fig. 10 shows that the whole SDH occupies 4 layers, however the half of
the circle only occupies 2 layers. So, two layers are sufficient for the investigation of the wave scattering from the SDH using the
Kirchhoff approximation.

Fig. 11 is an example of the far-field scattering responses of an SDH in the two layered anisotropic media predicted by the KG
and the KSmethods. The two layers are both in the plane (010), and the layer 1 has a rotation angle of 0 ° while the layer 2 has 1.5°.
The simulation results using the KG and KSmethods in the two layeredmedia are almost identical, especially in the high frequency
part. Since the KG has no restrictions in the application in the Kirchhoff approximation, with taking all the lit points into account in
the integral, the result of the KG can be considered as a reliable one. The high similarity between the results by the KG and the KS
convinced us that the KS solution can be applied to the weld too, when the incident plane is not in a severe asymmetrical
condition. The KS method is simpler to implement and calculates more efficiently.

4. Conclusion

The theoretical evaluation of the elastic wave scattering from an SDH in the anisotropic media has been addressed. The incident
wave is assumed to be normal to the axis of the cylindrical hole. Using the Kirchhoff approximation, the far-field three dimensional
scattering amplitude of the SDH has been derived. In introducing the stationary phase method, we have obtained the explicit
expression of the scattering amplitude. The proposed analytical solutions have been evaluated numerically for various cases with
different incident angles and grain orientations in the homogeneous anisotropic media. The figures show the numerical agreement
of the obtained results with those calculated using the Kirchhoff approximation with the general integral method and with the
separation of variables.We have also extended the application of the proposed solutions to themulti-layered anisotropicmaterials
successfully. However, it is worthwhile to mention that the present analysis is restricted to the scattering problem only and it
would be necessary to expand the analysis to include the velocity field amplitude to construct a complete ultrasonic measurement
model as a further investigation.
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