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A decomposition-coordination interior point method (DIPM) is presented and applied to the multi-area
optimal reactive power flow (ORPF) problem in this paper. In the method, the area distributed ORPF prob-
lem is first formed by introducing duplicated border variables. Then the nonlinear primal dual interior
point method (IPM) is directly applied to the distributed ORPF problem in which a Newton system with
border-matrix-blocks is formulated. Finally the overall ORPF problem is solved in decomposition itera-
tions with the Newton system being decoupled. The proposed DIPM inherits the good performance of
the traditional IPM with a feature appropriate for distributed calculations among multiple areas. It can
be easily extended to other distributed optimization problems of power systems. Numeric results of five
IEEE Test Systems are demonstrated and comparisons are made with those obtained using the traditional
auxiliary problem principle (APP) method. The results show that the DIPM for the multi-area OPRF prob-
lem requires less iterations and CPU time, has better stability in convergence, and reaches better optimal-
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ity compared to the traditional auxiliary problem principle method.
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1. Introduction

A modern power system is an interconnected grid and contains
widely distributed sub-networks each of which represents an inde-
pendent utility. Generally, each utility company has its own oper-
ation criteria and separate EMS. Local optimal simulations in the
individual EMSs will produce great errors. Therefore, there is a
need of coordinating solutions of the individual EMSs to achieve
the overall optimal solution. Decomposition techniques in a dis-
tributed computing environment have attracted great attention.

Many different decomposition techniques have been proposed
during the past forty years, such as Dantzig-Wolfe technique
[1,2], Lagrangian relaxation technique [3], augmented Lagrangian
technique [4-7], and approximate Newton directions [9,10]. Partic-
ularly remarkable is the theoretical decomposition framework
based on the auxiliary problem principle (APP). It has been used
widely in solving many operation problems of power systems, such
as the daily generation scheduling [4], distributed state estimation
[5], multi-area optimal power flow [6,7], and multi-area ORPF [8].
But the APP method presents only modest speed-ups and efficien-
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cies even in ideal situations [6], and sometimes leads to poor con-
vergence when related parameters are selected improperly [10].

This paper proposes a new decomposition method based on the
nonlinear primal dual interior point method (IPM) [11-15]. Similar
to the APP method, the proposed method also uses the concept of
duplicated border variables to implement an area decomposition
of the original overall problem. Differently, in the proposed meth-
od, the objective function, variables and constraints are structured
in such a way that a Newton system with border-matrix-blocks is
created. This Newton system is then decoupled into a set of linear
subsystems so that the overall problem can be solved through sep-
arate computations of linear area subsystems in the Newton itera-
tion process of IPM. The proposed method only computes the
linear subsystems corresponding to individual areas and avoids
resolutions of optimization sub-problems with respective iteration
processes. Thus, the proposed method has an advantage in compu-
tational efficiency superior to the APP and other Lagrangian relax-
ation or augmented Lagrangian decomposition algorithms while it
inherits good performance of the IPM in fast convergence. This is
because the proposed method only needs the decoupling imple-
mentation of the Newton system in the IPM.

The proposed decomposition-coordination interior point meth-
od (DIPM) is applied to solve the multi-area optimal reactive power
flow (ORPF) in the paper. It should be pointed out that it can also be
extended to other distributed computing problems of power sys-
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tems. The rest of the paper is organized as follows. Section 2 pro-
vides the formulation of area decentralization model of ORPF. Sec-
tion 3 describes the proposed decomposition method. In Section 4,
numerical examples are given to demonstrate the effectiveness of
the proposed method, followed by Section 5 for conclusions.

2. Area decentralization model of ORPF
2.1. Centralized ORPF formulation
The formulation of the original ORPF problem can be mathe-

matically expressed as the following minimization nonlinear pro-
gramming problem:

min f(x)
st. gx=0 (1)
XXX

where the objective function f(x) is total active power losses; g(x) is
the nonlinear vector function representing power flow equations; x
is the vector of state and control variables, including voltage magni-
tudes and angles at load buses, injected reactive powers of genera-
tors, voltage magnitudes at generator buses, reactive powers of
shunt capacitors/reactors and transformer tap ratios; X and x are
the vectors representing operational limits on state and control
variables.

2.2. Area-based decentralization for ORPF

The decomposition idea has been described in [6]. The basic ap-
proach is to divide the overall system into geographical areas. Any
transmission line that crosses between two adjacent areas is di-
vided into two sections by adding a “dummy bus” at the border be-
tween the two areas. Real and reactive power flow variables and
voltage magnitude and angle variables are defined for the dummy
bus and these four border variables are duplicated, with one copy
assigned to each area. To be consistent with the overall formula-
tion, any pair of corresponding duplicated variables in the two
areas has the exactly same value.

The decomposition method of an interconnected power system
can be explained using Fig. 1. The system consists of two areas as
shown in Fig. 1a. Area-1 and area-2 are connected by the border
bus B. x;; and x;, denote the internal variables belonging to each
area. X is the border variables of bus B, which includes its voltage
magnitude, voltage angle, active and reactive powers transferred
along the tie-line. By splitting bus B into two duplicated dummy

1]| Bl | 12

a system with two areas

(a)

area-1 area-2

(b)

Fig. 1. Decomposition of an interconnected power system.

buses B; and B, as shown in Fig. 1b, two separated systems are ob-
tained with each one having a dummy bus. At the same time, x; is
also duplicated as x; and X3, which are assigned to area-1 and
area-2 respectively.

With such duplication of border variables, problem (1) is fully
equivalent to the following expression:

min (X1, X1) +f2(X2, X52)
S.t. 8 (X[],Xm) =0
2, (X2,Xp) =0

X1 <X < Xp 2)
X <X < Xp

Xp1 < Xp1 < Xpg

Xpy < Xpy < Xpp

Xp1 —Xp =0

where fi(x;;, Xg;) represents the objective function of each subsystem
or area-i, whose equality constraints are denoted by gi(xy;, Xg;) = 0.
Equation xp; — X3, =0 represents the condition that any pair of
duplicated variables in the two areas has the exactly same value.

Formulation (2) is the area-based decentralization model of
ORPF. Apparently, formulation (2) can be extended to a system
with N areas. By denoting x; for (x;; )" (i=1,2) and A; for the
coefficient matrix representing the coupled border condition, a
general formulation for the multiple-area model of ORPF can be ex-
pressed as follows:

min F= zN:fi(x,-)
i1

st. &%) =0 (3)
X <X <X

> Ax; =0, i=1,....N
i

It can be seen from formulation (3) that the objective function
and all the constraints except for the coupled border condition
can be divided into N independent sub-problems, and the variables
in each sub-problem are associated with ones in other sub-prob-
lems only through the coupled border constraints.

3. Decomposition-coordination IPM

In this section, the decomposition-coordination interior point
method (DIPM) for the distributed ORPF problem is presented. The
key idea is the construction of a border-matrix-block and the decou-
pling of the Newton system in applying the IPM to problem (3).

3.1. IPM for ORPF

The ORPF problem shown in formulation (3) can be solved di-
rectly using the IPM. In this method, slack variables and Lagrange
multipliers are introduced to deal with inequality and equality con-
straints, and logarithmic barrier functions are used to guarantee the
non-negativity condition of slack variables. Then the ORPF problem
givenin the formulation (3)is transformed into one non-constrained
optimization problem with the following Lagrange function:

N N N N
L=> fix) =) yig®) - > 4@ -L-x)+> wx
i=1 i=1

i=1 i i=1

N
+Uu —X) -y} {ZAW}
P
N n; nj
> {Z In(lig) +
Jj=1 J

i=1

lﬂ(ufw)] (4)

=1
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where both y; and y, are the vectors of Lagrange multipliers, in
which y; is related to the original equality constraints for each sub-
system i and y, to the coupled equality constraints; I;, u; > 0, z;, and
w; > 0 are the vectors of slack variables and Lagrangian multipliers
respectively; ; is a barrier parameter.

Based on the Karush-Kuhn-Tucker (KKT) first-order conditions
of the problem (4), a set of nonlinear algebraic equations is formed
as following:

Vil = Vi) - Vgi®)'y; -« + wi—Aly; =0 (5)
VyL=gx)=0 (6)
Vil=ZLe—- ue=0 (7)
Vyl=WUe - pue=0 (8)
Vil=2-L—-%=0 9)
VWiL:xi+u,»—5<,~:0 (]0)
N
VyL=> Axi =0 (11)
i=1

where i=1,..., N.Z; L, W; and U; are the diagonal matrices defined
by the elements in the vectors z; I, w;, u; respectively; e is a unit
vector.

The nonlinear KKT equations can be solved using the Newton-
Raphson algorithm. The Newton system is formed using the first
order derivatives of the KKT equations, and the optimal solution
can be obtained by means of alternate computations of the Newton
system. By denoting p; = [x;, y; L, w;, z;, w;]” as the internal variables
for each area i and y, as the coupled border variables among sub-
systems, and having the variables organized in the structure of one
area by one area, the Newton system can be expressed as the fol-
lowing system with border-matrix-blocks:

M, 0 0 E|[4p; B,
0o .0 : — | (12)
0 0 My E||Apy By
E, --- Ey O Ayq Vy,Lo
where,
[H; ~Vgix)" Owy  Owy  —Awy Ty |
Vgi(xi) O(Pi) O(Pixnx> O(P;X"x) O(PiX"i) O(PiX”i)
M; = O("i) O(HiXPI) Z; O("i) L O(ni) (13)
Omy Onixpy) Omy Wi Omy Ui
I Onixpy) “Iny Owy  Omy Oy
LI n Onyxpy) Omy Iy Omy  Owmy |
Di
Hi = Vfi(®) = yij V&5 (%) (14)
=
B; = [VyLo, Vy,Lo, VLo, Vy,Lo, VziLo,VwiLo]T (15)
Ei=[Ai Ogxp) Ogxm) Owxmy Ogxny Oggxny] (16)

where, n; and p; are the number of variables and equality con-
straints for subsystem i respectively, g is the number of the coupled
border equality constraints, Oy,p,) and O, are n; x p; and n; x n;
zero-element matrices, I,y is a n; x n; unit matrix. VyLo, Vy,Lo,
ViLo, VLo, VLo, VLo and V,, Lo are the residual vectors of the
KKT equations as shown in Egs. (5)-(11), where the index 0 means
the initial condition of optimal variables p? and y9.

The Newton system (12) can be reduced in the scale as follows:

My 0 O E£1 App Br,

0 .0 N (17)
0 0 M Epy||Apw Biy

Epp -+ Eww O Ay, VyiLo

where
) _Vo.(x\T AX;
MRi _ @, vgl(xl) ,A Ri = |: !
Vgi(x) Op, Ay
./].
Bii = {Vlyil‘o} JEri = [Ai O(qXPi)]

bi
®; = V(%) = Y _¥iy V&g ®) + ZiL; ' + WU,
=
Wi = VLo + (ViLo + ZV, L)L, — (VLo — WiV, Lo)U; !
The following sub-vectors can be computed from Ax;, Ay;, which are
included in Apg; given in Eq. (17):
Ali = AX; + vz,-LO
Au; = —(Ax; + vwiLO)

Az; = (VLo — ZAL)L;" (18)
Aw; = (=Vy Lo — WiAu)U;!

The decomposition format of Eq. (17) is as follows:

(—ExiMg, Eg, - - — ErvMpyEgy) AV (19)
= EmM,;]]BR] + -+ ERNMEKJBRN - Vy,Lo

MiiApy; = —Bri — ExAy (i=1,....N) (20)

3.2. Distributed computations of ORPF

Each diagonal block Mg;, in the given system in Egs. (17), (20) is
an individual ORPF subsystem which has its own objective func-
tion, constraints and variables for each area. Thanks to the struc-
ture of the Newton system with border-matrix-blocks, the
decomposition-coordination computations of the ORPF problem
can be implemented in the following steps.

o Step 1: Calculate ExMyEL, ExMy' BE; and A; for each area on
its sub-server processor separately.

e Step 2: Send solutions obtained in step 1 from all sub-servers to
the central coordinator server by internet or any other commu-
nication channel and then solve Ay, from Eq. (19).

e Step 3: Send the data of Ay, from the coordinator server to
every sub-server located in each area, solve Apg; from Eq.
(20), and compute Al;, Au;, Az; and Aw; from Eq. (18) on each
area’s server.

It can be seen that the Newton system and thus the original
ORPF problem can be solved in a distributed mode.

3.3. Estimating step length and the barrier parameter

Usually the step length o and barrier parameter u for each area
can be selected as one unified value, i.e.,

SN (i + ulwy)

=y == —U=0 21
=M Uy =1 Z?’:lni (21)
oG =0 =---=0y=0=0.9995 _Il;liﬂN{api, i, ]} (22)

B . (1); (u); .

Ogi = (All_)}!g&m@ { (aL), (B, d0G=1,...,m) (23)
. (z); (wi); .
Olpi = (Azi)]£}§wi)j<0 {— (Azy) ,— (Aws), A:0=1,---,m) (24)

where ¢ is the centering-parameter ranging from 0 to 1. The param-
eters og; and o, are step lengths for primal variables and dual vari-
ables respectively.
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3.4. Stopping criteria

The general stopping criteria in the IPM are: both the comple-
mentary gap G and mismatches D of the KKT equations are suffi-
ciently small. In the proposed DIPM for the ORPF problem, each
area has its own complementary gaps and mismatches. The stop-
ping criteria are defined as follows:

G = max([Gap,, - - - Gapy]) < & (25)
Gap, = [}z + ul'w; (26)
D = max([Dy,---Dn,D4]) < & (27)
D; = |[[VxLo, Vy,Lo, VLo, VLo, VLo, Vi, Lo]|| (28)
Da = [[Vy,Loll (29)

where ¢; and ¢, are small positive values; G and D are the overall
gap and mismatch for the central coordinator; and G; and D; are
the gaps and mismatches for each area.

3.5. Overall procedure of DIPM for multi-area ORPF

The overall procedure of DIPM for multi-area ORPF can be sum-
marized as follows:

e Step 1: Initialization. Choose an initial point satisfying non-neg-
ativity conditions as done in a general IPM [12], in which the
initial multipliers are set as =1, y=1, 22 =10 and
w? = 10; Set the tolerant errors in the stopping criteria &, &,
initial iteration count k=0 and maximum iteration count
Maxlter.
Step 2: Compute D; and Gap; on sub-servers in each area using
Egs. (26) and (28), and then transfer them to the central coordi-
nator server with the border variables that are needed to com-
pute D, in Eq. (29). If the convergence criteria shown in Egs. (25)
and (27) are met, an optimal solution is reached and the calcu-
lation process is terminated; otherwise go to Step 3.
Step 3: Set k =k + 1. If k > Maxlter, it indicates that the method
fails to converge and the calculation process is terminated;
otherwise go to Step 4.
e Step 4: Implement the decomposition computations of the
Newton subsystems as described in Part B of Section 3.
e Step 5: Determine the step length and barrier parameter using
Egs. (21)-(24) and update primal and dual variables. Go back
to Step 2.

3.6. Amount of data communication

For a distributed algorithm, the amount of data communication
is one of the most concerned factors. Large amount of data commu-
nication will cause communication bottlenecks and can not satisfy
the need of the distributed computation. As discussed in Part B of
Section 3, the transferred data between the sub-servers and the
central coordinator is mainly involved in two q x g square matri-
ces, i.e., EgMy' Ex, and ExMy' B;, as well as two vectors of g dimen-

Table 1
Basic information of the case studies.

sions, i.e., Ajx; and Ay,. The g is the number of the coupled border
equality constraints as mentioned in Part A of Section 3. Note that
we did not include D; and Gap; since they have a much smaller size
than g. Therefore, the total amount of data communication be-
tween two regions in each iteration can be expressed as follows:

Corm = 2(q7 + q;) (30)

It can be seen from (30) that the amount of transferred data
only relies on the size of coupled variables rather than the size of
the whole system or any subsystem. In most cases, tie-lines be-
tween areas are really few and the g is a small figure. Thus the
amount of data communication is quite small compared to central-
ized calculations and more importantly, most of the information on
each subsystem would be kept undisclosed.

4. Simulation results

Five IEEE systems were used in simulations to demonstrate fea-
sibility and effectiveness of the proposed method. The IEEE 14-bus,
30-bus and 118-bus systems are the original IEEE systems and
each of them was divided into two areas. The IEEE-30 x 2 and
IEEE-118 x 2 in the tables indicate that they are composed by
two IEEE-30 systems or two IEEE-118 systems with each repre-
senting an area in the study.

Table 1 shows the basic information of each test system. The
first column gives the case name. The second column shows the to-
tal number of buses in the system without dummy buses at the
border. The basic information of the two subsystems including
the duplicated dummy buses is shown in the third to seventh col-
umns. The third column presents the number of buses in each area.
The fourth column shows the number of interconnecting lines (tie-
lines) between the two areas. The fifth, sixth, seventh and eighth
columns present the total number of branches, generators, com-
pensators and LTC Transformers for the two subsystems,
respectively.

All the cases given in Table 1 were solved using two decompo-
sition methods for the multi-area ORPF problem: (1) the traditional
APP method; (2) the proposed DIPM. To validate the proposed dis-
tributed algorithm, we also used the centralized IPM (CIPM) for the
cases. For the APP method, the optimization sub-problem for each
area was also iteratively solved using the traditional IPM [12,14].
All the methods were implemented in the MATLAB that runs on
an Intel Core2 E4300 processor. Several stopping tolerant errors
1073, 1074, 107> and 10~° were applied in the simulations.

Table 2 shows the numerical results for the case studies. The
second column indicates the method with different stopping toler-
ant errors. The third column shows the total number of iterations
required to reach the optimum. The fourth column presents the to-
tal CPU time (in seconds) required to solve the overall problem.
The fifth column shows active power losses (in per unit) as the
objective function in the ORPF problem.

It is observed from the third column of Table 2 that the total
number of iterations for the proposed DIPM is much smaller than

Name Buses Basic information of the subsystems

Bus Tie Branch Generator Compensator LTC
IEEE-14 14 8.8 2 9.8 41 0.1 2.1
IEEE-30 30 15.18 3 17.20 5.1 1.1 3.1
IEEE-30 x 2 58 30.30 2 37.37 6.6 2.2 44
IEEE-118 118 84.38 4 129.18 14.5 13.1 6.3
IEEE-118 x 2 232 118.118 4 147.147 19.19 14.14 9.9
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Table 2
Comparison of optimization results obtained using the three methods.

Case Method Iterations CPU time (s) PL (pu)

IEEE-14 APP (1073) 8 2.013 0.1309
APP (10~%) 18 4.698 0.1316
APP (10°%) 23 6.466 0.1316
APP (10°%) 28 7.211 0.1316
DIPM (107%) 12 0.258 0.1297
DIPM (105) 15 0.313 0.1297
DIPM (10°%) 15 0313 0.1297
CIPM (10°%) 15 0.267 0.1297

IEEE-30 APP (1073) 13 4.556 0.0727
APP (10%) 22 8.573 0.0716
APP (107°) 30 13.883 0.0715
APP(10°%) 39 18.5938 0.0715
DIPM (107%) 14 0.627 0.0681
DIPM (107°) 14 0.627 0.0681
DIPM (10°%) 15 0.678 0.0681
CIPM (10°) 14 0.608 0.0681

IEEE-30 x 2 APP (1073) 9 11.4594 0.1381
APP(10%) 12 15.281 0.1385
APP (107°) 19 24453 0.1386
APP (10~°) 30 39.681 0.1386
DIPM (107%) 12 1.183 0.1361
DIPM (107°) 13 1.272 0.1361
DIPM (10°%) 13 1.272 0.1361
CIPM (10°%) 15 1.845 0.1361

IEEE-118 APP (1073) 11 58.2408 1.2316
APP(10%) 58 345.375 1.2063
APP (107°) Fail to converge with maximal iteration 100
APP (10-°) Fail to converge with maximal iteration 100
DIPM (107%) 20 6.924 1.1706
DIPM (1075) 20 6.924 1.1706
DIPM (10°%) 21 7.302 1.1706
CIPM (10°%) 12 5.558 1.1706

IEEE-118 x2 APP(1073) 20 523.015 24693
APP (10~%) 42 1116.187 2.4594

APP (107°) Fail to converge with maximal iteration 100
APP (10°6) Fail to converge with maximal iteration 100
DIPM (10°%) 19 22.256 2.3417
DIPM (107°) 19 22.256 2.3417
DIPM (107%) 21 24.715 2.3417
CIPM (10°%) 19 31.568 2.3417

that for the APP in all the cases with each having the same stopping
tolerance. The proposed method also shows better stability in con-
vergence. It can be seen from the third and fifth columns that the
iterations and objective function values of the proposed DIPM re-
main almost the same when the stopping tolerance is changed
from 10~ to 107° for each test system whereas the iteration num-
bers of the APP method increase greatly with the stopping toler-
ance decreasing. Particularly, in the cases of IEEE 118-bus and
118 x 2-bus systems, the APP method could not converge when
the stopping tolerance is set at 107> or 10~%. By comparing the re-
sults obtained using the DIPM and CIPM, it can be seen that the
two methods require almost the same number of iterations to
reach convergence except for the case of IEEE 118-bus where the
proposed DIPM requires more iterations than the CIPM. The two
methods achieved the exactly same optimal values of active power
losses for the same stopping tolerance 107C. The results indicate
that the effectiveness of the proposed DIPM can be ensured regard-
less of the size of the cases.

It can be observed from the fourth column of Table 2 that the
total CPU time required by the proposed DIPM is much less than
that required by the APP method in all the cases. This is due to
the fact that the APP method is a two-stage algorithm, in which
individual sub-problems for each area need to be solved by using
the IPM in each iteration, whereas the proposed DIPM is a single-
stage algorithm, in which only the decoupled Newton subsystems
for each area need to be solved in each iteration. The number of

iterations required for the IPM to solve a sub-problem is about
10 or even more and the total iterations for the I[PM to solve two
sub-problems corresponding to two areas have to be doubled. On
the other hand, the proposed DIPM avoids solving sub-problems
and only needs to solve the decoupled Newton system that corre-
sponds to one overall problem. Additionally, the CPU times re-
quired by the DIPM and CIPM are comparable. In some of the
given five cases, the DIPM requires more CPU than CIPM whereas
in other cases, the DIPM requires less CPU than CIPM.

5. Conclusions

A decomposition-coordination interior point method for the
multi-area ORPF problem is presented in this paper. The proposed
method is based on a single-stage algorithm. It avoids sub-prob-
lems in each area of the multi-area ORPF and only needs to solve
a decoupled Newton system in the IPM, which corresponds to
the original overall ORPF problem. This feature enables the pro-
posed method to have a much higher computing speed than the
traditional APP method that has to solve sub-problems for each
area.

Another feature of the proposed method lies in the fact that it is
a direct implementation of the decomposition-coordination IPM
and therefore inherits good performance of the traditional IPM.
Mathematically, the proposed method can be also easily extended
to other distributed optimization problems in power systems.

The paper also presents the distributed implementation process
of the multi-area ORPF, which requires coordination between the
central coordinator server and local servers in each area. The meth-
od only needs a transfer of the information associated with two
matrices and two vectors with a greatly reduced size, which are
only related to dummy buses at the border between areas, rather
than the information associated with whole subsystems. The pro-
posed method helps maintain autonomy of each area in a global
system by means of a coordinated but decentralized procedure.

Numerical results demonstrate that the proposed method is
superior to the traditional APP method in iterations and CPU time,
stability in convergence and optimality.
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