
A
d

S
D
R

a

A
R
R
A
A

K
C
M
F
G

1

o
o
i
e
d
u
e
w
c
t
i

s

h
1

Applied Soft Computing 24 (2014) 679–691

Contents lists available at ScienceDirect

Applied  Soft  Computing

j ourna l h o mepage: www.elsev ier .com/ locate /asoc

 multi-objective  genetic  algorithm  with  fuzzy  c-means  for  automatic
ata  clustering

iripen  Wikaisuksakul
epartment of Mathematics and Computer Science, Faculty of Science and Technology, Prince of Songkla University, Pattani Campus, 181 Charoenpradit
oad,  Muang, Pattani 94000, Thailand

 r  t  i  c  l  e  i n  f  o

rticle history:
eceived 28 September 2012
eceived in revised form 2 May  2014
ccepted 15 August 2014
vailable online 23 August 2014

eywords:
lustering
ultiobjective optimization

uzzy clustering
enetic algorithms

a  b  s  t r  a  c  t

This  article  presents  a  multi-objective  genetic  algorithm  which  considers  the  problem  of  data  clustering.
A  given  dataset  is automatically  assigned  into  a number  of groups  in appropriate  fuzzy  partitions  through
the  fuzzy  c-means  method.  This  work  has tried  to exploit  the  advantage  of  fuzzy  properties  which  provide
capability  to handle  overlapping  clusters.  However,  most  fuzzy  methods  are  based  on  compactness  and/or
separation  measures  which  use  only  centroid  information.  The  calculation  from  centroid  information  only
may not  be  sufficient  to differentiate  the  geometric  structures  of  clusters.  The  overlap-separation  measure
using an  aggregation  operation  of fuzzy  membership  degrees  is  better  equipped  to handle  this  drawback.
For  another  key  consideration,  we  need  a  mechanism  to  identify  appropriate  fuzzy  clusters  without  prior
knowledge  on the number  of  clusters.  From  this  requirement,  an  optimization  with  single criterion  may
not  be feasible  for  different  cluster  shapes.  A  multi-objective  genetic  algorithm  is therefore  appropriate  to
search for fuzzy  partitions  in this  situation.  Apart  from  the overlap-separation  measure,  the  well-known
fuzzy  Jm index  is also  optimized  through  genetic  operations.  The  algorithm  simultaneously  optimizes  the
two  criteria  to  search  for optimal  clustering  solutions.  A string  of real-coded  values  is encoded  to represent
cluster  centers.  A  number  of  strings  with  different  lengths  varied  over  a range  correspond  to variable

numbers  of  clusters.  These  real-coded  values  are  optimized  and  the  Pareto  solutions  corresponding  to
a  tradeoff  between  the  two  objectives  are  finally  produced.  As  shown  in  the  experiments,  the  approach
provides  promising  solutions  in  well-separated,  hyperspherical  and overlapping  clusters  from  synthetic
and real-life  data  sets.  This  is demonstrated  by  the  comparison  with  existing  single-objective  and  multi-
objective  clustering  techniques.
. Introduction

Clustering is an important mechanism in data analysis to define
r organize a group of patterns or objects into clusters. The
bjects in the same cluster share common properties and those
n different cluster s have distinct dissimilarity [1,2]. This basic
xploratory analysis provides meaningful information for many
isciplines such as pattern classification, image segmentation, doc-
ment retrieval, biology, marketing research, health psychology,
tc. Most data in these disciplines are in multi-dimensional space
hich inherently creates difficulty for humans to capture or per-

eive information. Therefore, the ultimate goal of data clustering is

o achieve unsupervised classification of complex data where there
s little or no prior knowledge on those data.
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Consider a set of input patterns X = {x1, x2, . . .,  xM}, where
xi = (xi1, xi2, . . .,  xin)T ∈ Rn. Each xij is defined as a feature, attribute,
dimension or variable. The aim is to partition the patterns into dis-
joint c subsets, C = {C1, . . .,  Cc}, such that Ci /= ∅,

⋃c
i=1Ci = X , and

Ci∩ Cj = ∅ for i /= j. This partitioning problem can be considered as
an NP-hard optimization problem [3].

The most widely used algorithms to solve this problem are
k-means [4] and fuzzy c-means (FCM) [5]. Both algorithms are
centroid-based and require a fixed number of clusters beforehand.
k and c denote the number of clusters and may  be used interchange-
ably. The k-means algorithm starts from randomizing k centroids,
one for each cluster. Each pattern is assigned into a cluster based
on its nearest centroid, and then positions of the centroids are
iteratively adjusted according to their corresponding members in
order to minimize the sum of the squared error. This clustering

method is considered as hard partitioning since k disjoint clusters
are obtained. In FCM, soft partitioning is defined since every pattern
is considered as a member of every cluster but different degrees of
membership are assigned for different clusters. The aim of FCM
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s to minimize the generalized least-squares objective function,
hich the degree of membership plays an important role to opti-
ize the data partitioning problem. However, the disadvantages

f both algorithms are well known: a correct number of clusters
s required beforehand and the algorithms are quite sensitive to
entroid initialization [3,6]. In practice, many problems have no
nowledge on the number of clusters a priori. Most research papers
ave proposed solutions for such problems by running an algorithm
epeatedly with different fixed values of k and with different ini-
ializations [3]. However, this may  not be feasible with large data
ets and large k. Furthermore, the algorithm running only with a
imited number of k may  be inefficient or not attractive since a
olution depends on a limited set of initializations. This is known
s the “number of clusters dependency” problem [7]. In a problem
ike this, the optimization may  get stuck in local minima which the
earch process identifies, rather than a global optimal solution.

From the above reasons, evolutionary algorithms are shown to
e alternative optimization methods using stochastic principles to
volve clustering solutions. In other words, they are based on prob-
bilistic rules to search for a near-optimal solution from a global
earch space. Some evolutionary algorithms to optimize the num-
er of clusters in data partitioning problems have been proposed in
8–17]. The approaches in [8,9] are based on swarm intelligence. In
8], simple and robust Artificial Bee Colony (ABC) algorithm which
imulates the intelligent foraging behavior of honey bee swarms
as been applied. Another proposed method in [9] has applied a
ybrid of fuzzy c-means and PSO also known as FCM-FPSO.

In [10–12], genetic algorithms (GAs) have been applied for
utomatic determination of the number of clusters, where variable-
ength strings have an important role to tackle the problem of
he number of clusters. The proposed method in [10] apply a GA
ith the split-and-merge operator and the technique in [10] uses

he k-means algorithm. In [13], the k-means clustering has been
nhanced by a GA, which considers the affect of isolated points. The
-means based on GA has also been applied in [14]. The immune GA
nd dynamic chromosome coding has been proposed to improve
he search and to increase the convergence. FCM is also incorpo-
ated in the evolutionary algorithm in [16] and its application for
emote sensing imagery in [17]. To optimize the number of clusters
n appropriate data partitioning, suitable cluster validities or objec-
ive functions must be identified. The aforementioned methods
ave deployed the objective function based on cluster compact-
ess which is commonly applied in most clustering algorithms.

n complex data sets where clusters are partitioned with differ-
nt sizes or different geometric shapes, optimization with only a
ingle criterion may  not be applicable to solve these characteristics
imultaneously [7,15,18].

Multi-objective evolutionary algorithms (MOEAs) have been
hown to deliver promising solutions for such problems with
ffective search performance over single-objective clustering algo-
ithms [15]. Two or more conflicting (or complementary) objective
unctions are deployed in the evolutionary process. MOEAs for
lustering have been proposed in [15,19]. In [15], the algorithm
alled MOCK is based on PESA-II with locus based chromosome
ncoding. It has shown to outperform single-objective clustering
lgorithms and ensemble techniques. However, it performs well for
yperspherical shaped or well-separated clusters but provides low
erformance on overlapping clusters [19]. Another disadvantage on
he locus based encoding is the length of the string, which increases
ith the size of the data set. This imposes expensive computation
hen a large data set is analyzed.

VAMOSA, developed in [19], is based on multi-objective sim-

lated annealing with center-based encoding and the newly
eveloped point symmetry based distance from [20]. The approach
as been compared with MOCK and other algorithms in artifi-
ial and real-life data sets of varying shapes, sizes or convexity.
puting 24 (2014) 679–691

It successfully determines the appropriate number of clusters and
provides overall performance better than other algorithms. How-
ever, it fails to detect a cluster having non-symmetrical shapes.

This article presents a multi-objective evolutionary approach
to optimize data clustering with no requirement of the num-
ber of clusters. The clustering method considers fuzzy clusters,
where data associating with degrees of membership contain more
information than hard clusters. Fuzzy clustering is more natu-
rally feasible in many real situations since data elements are not
assigned to exactly one class. The discrete nature of hard clus-
tering is not favorable if clusters are overlapped. On the other
hand, fuzzy clustering has the potential to overcome this limita-
tion. In our approach, the fuzzy functionality is used to capture
the overall cluster structures through the simultaneous opti-
mization of two  objectives: the well-known fuzzy Jm index [5]
and the overlap-separation measure [21,22]. This approach called
FCM-NSGA applies the non-dominated sorting genetic algorithm-
II (NSGA-II) [23] as an underlying multi-objective optimization
framework. The fuzzy c-means algorithm is utilized in the allo-
cation of data points to fuzzy clusters. The problem encoding is
represented by variable-length strings with real-coded values of
cluster centers. This encoding enables searching for a proper num-
ber of clusters.

In the remainder of this article, FCM-NSGA is described in
Section 2 providing details for each part of the algorithm. Section 3
presents evaluation of solutions and how to select the most appro-
priate solution. Data sets applied in the experiment are detailed
in Section 4. Thereafter, Section 5 describes the results of FCM-
NSGA compared with those of other approaches. Section 6 provides
details of time complexity of the algorithm and Section 7 concludes
the paper.

2. FCM-NSGA

This section presents the overall mechanism of FCM-NSGA
starting from a brief background of genetic algorithms (GAs) and
NSGA-II. A center-based string encoding suitable for the clustering
problem is then presented. The functionality of FCM is incorpo-
rated in the approach and two objective functions are deployed in
the multi-objective optimization. In the final part, genetic operators
responsible for the search process are detailed.

2.1. An evolutionary approach

Genetic algorithms (GAs) are search and optimization tech-
niques based on the stochastic approach enhanced by the principles
of biological evolution in nature [24]. They were invented to mimic
natural evolution, using the idea of a chromosome which encodes
the genetic information of an individual. The genetic information
is decoded to determine the individual’s fitness which depends on
its interaction with an environment. In simulated evolution, indi-
viduals represent encodings of solutions in GAs’ problem space.
The chromosome’s performance, known as fitness, is then inter-
preted by decoding its representation according to an objective
function (i.e., evaluation function, fitness function) for a particu-
lar problem. In the evolutionary process, reproduction, crossover
and mutation operators play significant roles to produce better and
better individuals until an optimal solution is obtained.

A GA has been applied in the non-dominated sorting genetic
algorithm (NSGA), which was originally proposed by Srinivas and
Deb [23] to solve multi-objective optimization problems. Due to the

evaluation by multiple objectives, a vector of decision variables is
given, which produces a set of solutions called Pareto-optimal solu-
tions or non-dominated solutions. The main mechanism of NSGA
is a non-dominated sorting process to construct a non-dominated
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Fig. 1. Flowc

ront. However, NSGA has high computational complexity with
(MN3), where M is the number of objectives and N is the pop-
lation size. NSGA-II [25] was therefore developed from the first
ersion to reduce the complexity from O(MN3) to O(MN2). NSGA-II
ses a fast non-dominated sorting to search for a non-dominated
ront and a crowding distance to maintain diversity in population.

In our work, NSGA-II has been applied as a framework for multi-
bjective optimization of appropriate fuzzy clusters. The overall
rocedure of our algorithm is presented in Fig. 1. In the first gen-
ration, the random operator initializes N individuals for an initial
opulation by randomly choosing cluster center points from M data
atterns. The initial numbers of clusters are generated from a uni-
orm distribution over the range 2 to

√
M which is recommended

y [19]. The assignment of membership degree and the update of
enter values are based on the FCM algorithm further described in
ection 2.3. The values of fitness are then computed according to
he two objectives detailed in Section 2.4. The fast non-dominated
orting and crowding distance assignment of NSGA-II are then per-
ormed.

After the first generation, the GA operators then produce chil-
ren solutions in the evolutionary process through simulated
inary crossover (SBX) and mutation operators. The parent and
hildren solutions are then merged to 2N solutions but only

 individuals are chosen after the non-dominated sorting and
rowded comparison procedures have finished. The process runs
nd searches for non-dominated front solutions until it meets the
ermination criterion (e.g., maximum number of generations). The
on-dominated solutions are finally obtained. On each solution,
ach data point is assigned into a cluster corresponding to its maxi-
um degree of membership. Further details for each module of the

lgorithm are described in Sections 2.2–2.5.

.2. String representation
The chromosome in the FCM-NSGA algorithm is represented
y a string of real-coded values defining cluster centers in n-
imensional space. Fig. 2 shows an example of a chromosome

z1 z2 z3 z4

cluster centers {z1, z2, z3, z4} 
in 2-dimensional features

chromosome

z11 z12 z31 z32 z41 z42z21 z22

Fig. 2. String representation.
f FCM-NSGA.

comprising four centers {z1, z2, z3, z4} in two  dimensions. For exam-
ple, a string representation can be {(6.01, 2.79), (4.99, 3.40), (5.49,
3.25), (6.88, 3.08)}. The number of clusters is therefore represented
by the length of the string. Each chromosome in an initial popula-
tion has different lengths varied over a range of 2 to

√
M.

2.3. Fuzzy c-means (FCM)

The main procedures of the FCM algorithm are the calculation of
membership degree and the update of cluster centers. The mem-
bership degree is used to indicate the extent to which each data
point belongs to each cluster, and this information is also used to
update the values of cluster centers.

Let X = {x1, x2, . . .,  xM} be data points of M patterns, where each
pattern xk is a vector of features in Rn (n-dimensional space). C is
the number of clusters. A distance from a data point xk to a clus-
ter center vi is calculated using the squared Euclidean distance as
follows:

d2
ik =

n∑
j=1

(xkj − vij)
2, 1 ≤ k ≤ M, 1 ≤ i ≤ C (1)

d2
ik

denotes the squared Euclidean distance calculated in n-
dimensional space. Thereafter, the distance is used in the
calculation of membership degree in Eq. (2).

uik = 1∑C
j=1( dik

djk
)
2/(m−1)

, 1 ≤ k ≤ M, 1 ≤ i ≤ C (2)

uik denotes a degree of membership of xk in the ith cluster. m > 1 is
a parameter which controls a degree of fuzziness. This means that
each data pattern has a degree of membership in every cluster.

The values of centroids are then updated according to Eq. (3).
Finally, the membership degree of each point is calculated once
again using Eq. (2) taking the new centroid values.

vi =
∑M

k=1(uik)mxk∑M
k=1(uik)m

, 1 ≤ i ≤ C (3)

2.4. Objective functions

Most objective functions considered in the clustering problem
have usually based on two  indexes: compactness and separation.

The compactness indicates variation between data within a clus-
ter or between data and cluster centroids, and it must be kept
small. The separation measures the isolation of clusters, which is
preferred to be large.
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Partition A

Partition B

U V

P Q

Fig. 3. Two partitions having equal distance between centroids from [26].
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C(ˇ) =
0.5(�c + 1)ˇ�c , if  ̌ ≤ 1

(8)
If only compactness or separation is considered in a single-
bjective optimization, some limitations may  degrade the
erformance of the optimization. The drawback of compactness

s well known that it suffers from a monotonic decrease with
ncreasing number of clusters [26,22]. This is apparent from the
xperimental results in Section 5.3. For the traditional separation,
ts disadvantage has been raised in [26]. Separation considering
nter-distance measurement between cluster centroids cannot cor-
ectly detect geometric structures. As demonstrated in Fig. 3, the
istance from centroids P to Q in the partition A compared to the
istance between U and V in the partition B are equal. In terms of
he traditional measure of inter-cluster distance, these two  parti-
ions have the same property of separation but intuitively partition

 is shown to have more separation. It can be seen that the mea-
urement of centroid distance only can misjudge the separation of
lusters because the overall shape is not considered. This leads to
imited information about cluster structures.

In order to solve the aforementioned problems, two objectives
re optimized simultaneously in the multi-objective optimization
f FCM-NSGA. These objectives are based on compactness together
ith on overlap and separation measure. The compactness is for-
ulated by the objective function Jm proposed by Bezdek [5] as

hown in Eq. (4).

m(U, V) =
M∑

k=1

C∑
i=1

(uik)md2
ik (4)

ik and m are defined in accordance with Eqs. (2)–(3). The sum of
he squared error is measured by the squared Euclidean distance
rom a pattern to each centroid with the weight (uik)m attached. The
im is to minimize Jm to optimize compactness taking into account
istance and degree of membership.

Overlap and separation measure (overlap-separation for short)
s the second objective that has a functionality to tackle the over-
apping problem and to solve the problem of centroid separation as
hown in Fig. 3. This measure is based on an aggregation operation

f fuzzy membership degrees. There are two parts for this index.
he first part is the overlap measure proposed by [21,22], which
puting 24 (2014) 679–691

computes an inter-cluster overlap using fuzzy degrees as shown in
Eq. (5).

O⊥(uk(xk), C) = 1
⊥

l=2,C
(

l
⊥

i=1,C
uik) (5)

A pattern xk has membership vector uk(xk) = (u1k, . . .,  uck). The
ambiguity measurement of several membership values requires an
aggregation operator (AO). The AO applied here is based on tri-
angular norms (t-norms) for l-order ambiguity measurement. In
this aggregation, the standard t-norm and t-conorm are used. The
standard t-norm has the basic property that a � b = min(a, b) and
for the standard t-conorm a ⊥ b = max(a, b). With a single value
l
⊥uk ∈ [0,  1], the l-order fuzzy-OR operator (fOR-l) which is the com-
bination of a dual couple (� ⊥) [27] is associated with uk, defined
by

l
⊥

i=1,C
uik = �

A∈Pl−1

( ⊥
j∈C\A

uj) (6)

P denotes the power set of C = {1, 2, . . .,  c} and Pl = {A ∈ P : |A| = l},
where |A| is cardinality of the subset A. From Eq. (6), the sorting in
decreasing order (u1 ≥ · · · ≥ uC) is obtained, and then, the lth highest
value is chosen. We  apply l = 2 (i.e., ambiguity measures between
two classes) so that the second largest element of uk can be used.

For the separation measure [26], the maximum degree of max
i=1,C

uik

is taken into account. Therefore, the overall overlap-separation (OS)
measure for M patterns is defined as follows:

OS = 1
M

M∑
k=1

O⊥(uk(xk), C)
maxi=1,Cuik

(7)

2.5. Genetic operators

In the FCM-NSGA clustering method, solutions have to be opti-
mized in continuous search space according to the real-coded string
representation of cluster centers. The stochastic search for the real-
coded string is made possible by the binary tournament selection
[28], the simulated binary crossover (SBX) operator [28] and the
polynomial mutation operator in [29].

2.5.1. Binary tournament selection
In NSGA-II, the binary tournament selection is used to select

parents to create the new generation. Two  individuals are randomly
chosen to play a tournament and a winner is chosen by the crowded
comparison operator (≺n). This operator considers two attributes
which are non-domination rank (irank) and crowding distance (idist).
Let two  individuals be i and j, the crowded comparison operator ≺n

is defined as:

i≺njif(irank < jrank)or((irank = jrank)and(idist > jdist))

The lower rank is preferred if two  individuals are in different
ranks. If both individuals are in the same front (same rank), the
solution with lesser crowded region is chosen.

2.5.2. SBX operator
The SBX operator [28] performs similarly to the search power of

a single-point crossover on binary strings and maintains the inter-
val schemata processing in continuous variables instead of discrete
variables. To control how children are different from their par-
ents, a spread factor  ̌ is defined under the probability distribution
function:
0.5(�c + 1)
1

ˇ�c+2
, otherwise
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4

p1 p2 p3 p4

string P

q1 q2 q3 q4

string Q

a1 a2 p3 a4

string A

b1 b2 q3 b4

string B

Two parents Two children 

perform 
crossover

new value

value copied from parent

Fig. 4. Crossover operation for two  chromosomes with same length.

p1 p2 p3 p4 p5 p6

q1 q2 q3 q4 b1 b2 b3 b4

Two parents Two children 

a1 a2 a3 p4 a5 p6

string P 

string Q 

string A 

string B

perform 
crossover

new value

are chosen and crossed with q1, q2, q3, q4, respectively. The values
of the omitted centers (p4, p6) are directly copied to a child. The
calculation of the new values of children then follows the same
procedures as in the case of equal length.
S. Wikaisuksakul / Applied S

The value of the distribution index �c which is any nonnega-
ive real number has an impact on the spread of children solutions
rom parent solutions. A large value of �c gives a high probability
f obtaining children solutions near to parent solutions whereas a
mall value of �c allows children far from their parents. From the
robability distribution in Eq. (8),  ̌ is a random variable which
akes the area under the probability curve equal to a uniform

andom number u(0, 1), as follows:

 =
(2u)

1
�c + 1 , if u ≤ 0.5

(
1

2(1 − u)

) 1
�c + 1 , otherwise

(9)

To obtain children solutions, two parent solutions P and Q are
elected from a mating pool by the binary tournament selection.
hereafter, a random number u is generated and  ̌ is calculated
rom Eq. (9). Consider P = (p1, . . .,  pn) and Q = (q1, . . .,  qn), where n is
he length of strings. Two children c1

i
and c2

i
are calculated in Eqs.

10) and (11).

1
i = 0.5[(1 + ˇ)pi + (1 − ˇ)qi] (10)

2
i = 0.5[(1 − ˇ)pi + (1 + ˇ)qi] (11)

Since each chromosome in the population has different lengths,
he chromosomes of two parents may  have equal or different
engths. In case their lengths are equal, the crossover operation can
e illustrated in Fig. 4. Let two parents P = {p1, p2, p3, p4} and Q = {q1,
2, q3, q4} denote parent solutions with four cluster centers, where
ach pi and qi is a vector of features. Two children A and B are cre-
ted. In uniform crossover, the decision to perform crossover on
ach pair of centers from parents is with a probability 0.5 [28]. In
his example, the crossover operation does not performs on posi-
ion 3, the value of p3 and q3 are directly copied to position 3 of
trings A and B, respectively. Positions 1, 2 and 4 have new values
1, a2, a4 and b1, b2, b4 on A and B, respectively.

The main loop to control the crossover operation between two
trings of parents is described as follows:

1 strin g length n
2 paren t P , P = (p1; p2; :::; pn)
3 paren t Q, Q = (q1, q2; :::; qn)
4 for i = 1 to n
5 if rand om (0,1 ) <= 0.5
6 ai = pi
7 bi = qi
8 SB X (ai,bi)
9 else
10 ai = pi
11 bi = qi
12 end if
13 end for

The new values of centers for two children are calculated from
qs. (10) and (11) by the SBX() procedure as follows:

SBX(a,b)

 u = rando m (0 ,1) // unifo rm rand om numb er 
 if u <= 0. 5

 beta = (2 +1)u)1=(etac
value copied from parent

Fig. 5. Crossover operation for two chromosomes with different length.

5 else

6 beta = (1 =(2 ∗ (1 +1)− u)))1=(etac
7 end if
8 for j = 1 to maximu m dimensions
9 if aj < bj
10 y1 = aj
11 y2 = bj
12 else
13 y1 = bj
14 y2 = aj
15 end if
16 c1j = 0.5 *((1 +beta)*y1 + (1-beta)*y2)
17 c2j = 0.5*(( 1 -beta)*y1 + (1+beta)*y2)
18 end for
19 if random (0 ,1) <= 0.5
20 a = c1

21 b = c2

22 els e

23 a = c2

24 b = c1

25 end if

In case string lengths of two parents are different, an example
of this operation is illustrated in Fig. 5. The centroids considered to
be crossed in the longer string are randomly chosen. p1, p2, p3, p5
between 0 and 1
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Table 1
Summary of data sets, where D denotes the number of features, K is the number of
clusters, M is sample size, and Mi gives the number of members in cluster i.

DataSet D K M Mi

AD 5 2 2 5 250 5 × 50
AD  10 2 2 10 500 10 × 50
Square1 2 4 1000 4 × 250
Square4 2 4 1000 4 × 250
Sizes5 2 4 1000 769, 77, 77, 77
Iris  4 3 150 50, 50, 50
BreastCancer 9 2 683 444, 239
Newthyroid 5 3 215 150, 35, 30
Wine 13 3 178 59, 71, 48

been applied with the parameter settings summarized in Table 2.
In MOEAs, multiple solutions with different numbers of clusters
84 S. Wikaisuksakul / Applied S

.5.3. Mutation operator
The polynomial mutation operator defined in [29,30] is applied

ith a low probability to perturb a solution for the new population.
he result of mutation is controlled by a probability distribution:

(ı) = 0.5(�m + 1)(1 − |ı|)�m (12)

From the above distribution, the perturbation factor ı can be
alculated according to a random number ri in the range (0, 1) and
he distribution index �m, as follows:

i =
(2ri)

1/(�m+1) − 1, if ri < 0.5

1 − [2(1 − ri)]
1/(�m+1), if ri ≥ 0.5

(13)

One parent is chosen as xi which is the value of the ith cluster.
L
i

and xU
i

are the lower and upper bound of xi, respectively. The
utated value yi is thereafter calculated by

i = xi + (xU
i − xL

i )ıi (14)

. Selection and evaluation of the solution set

In the final generation, the FCM-NSGA algorithm produces a set
f non-dominated solutions whose number varies according to the
opulation size. All the solutions are considered to be equal in terms
f fitness values compromised by the two objectives. In most real-
orld problems, a single solution must be chosen out of this set.

We deploy the selection mechanism presented in [19] where a
emi-supervised method has been used. The class label of 10% of
he whole data set is assumed to be known. The remaining 90% of
he sample has no class label information provided and FCM-NSGA
xecutes on these unknown label samples called test patterns. After
he clustering procedure in the multi-objective optimization has
nished, patterns are grouped in their corresponding clusters but
lass labels of clusters have not been defined. The class labels are
ater assigned by the following procedure. In [19], the assignment
f class labels is based on the nearest center criterion. In FCM-NSGA,
he fuzzy degree of membership is combined with the center-based
riterion in the class label assignment. First, each known label sam-
le is mapped to a cluster corresponding to the maximum degree of
embership. Second, a frequency table is built by the frequency of

he samples that fall in their mapped clusters. In the final step, the
abel of the cluster is chosen from the known label of the samples
aving the maximum frequency. If frequencies between the groups
re equal, the cluster label is assigned by the label of the sample that
as the maximum fuzzy degree with the corresponding cluster.

After the label assignment procedure, the Minkowski score (MS)
ccording to [19] is computed to measure the amount of misclas-
ification as shown in Eq. (15). Consider the true solution set T and
he solution set to be measured S. The measure is defined by the
umber of point-pairs assignments of data items between T and S.
11 denotes the number of point-pairs that are in the same class

n both S and T. n01 and n10 represents the mismatched number
f point-pairs between the two sets. n01 denotes the number of
oint-pairs that are in S only, and n10 denotes the number of point-
airs that belong to T only. A lower score indicates a better solution.
fter the scores of all non-dominated solutions have been calcu-

ated, the solution with the minimum score is chosen as the best
olution.

S(T, S) =
√

n01 + n10

n11 + n10
(15)
. Data sets

For the purpose of comparison, data sets applied in [19] have
een used in our study. There are two groups of data sets, artificial
LiverDisorders 6 2 341 142, 199

and real-life data sets. The five artificial data sets are AD 5 2 from
[31], AD 10 2 from [32], Square1, Square4 and Sizes5 from [18]. The
five real-life data sets which are Iris, BreastCancer, Newthyroid, Wine
and LiverDisorders are obtained from the UCI repository [33]. These
data sets are summarized in Table 1 and have some characteristics
as follows:

(1) AD 5 2 contains four squared clusters with highly overlapped
data.

(2) AD 10 2 has equal size of clusters and contains some over-
lapped clusters.

(3) Square1 consists of four separated clusters with equal size.
(4) Square4 contains the same number of data samples and the

size of clusters as Square1 but the distance between individual
clusters is closer. This increases overlap between clusters.

(5) Size5 has four clusters with unequal size.
(6) Iris comprises 50 instances from each of three species of Iris,

namely Setosa, Versicolor and Virginica. Four attributes are
collected from the length and the width of sepals and petals in
centimeters. Two species, Versicolor and Virginica, are highly
overlapped whereas Setosa is obviously separable from others.

(7) BreastCancer originated from the Wisconsin breast cancer
database. Nine features are represented by clump thickness,
uniformity of cell size, uniformity of cell shape, marginal adhe-
sion, single epithelial cell size, bare nuclei, bland chromatin,
normal nucleoli and mitoses. Each sample is categorized
within two classes: benign or malignant, and these two  classes
are linearly separated.

(8) Newthyroid includes five laboratory tests which can identify
whether patient’s thyroid gland functions are in normal con-
dition, hypothyroidism or hyperthyroidism.

(9) Wine data are obtained from a chemical analysis determining
the quantities of 13 constituents found in three types of wines
in the same region but from three different cultivars in Italy.

(10) LiverDisorders has six attributes including five blood tests
and the amount of daily drinks. The data are divided into
two sets which indicate whether an individual suffers from
alcoholism.

5. Experimental results

In our experiment, ten data sets detailed in Section 4 have
can be evolved and compared all together. Thus, a single run of
FCM-NSGA is adequate and a set of the non-dominated solutions
is obtained. The best solution is then identified from these non-
dominated solutions by the minimum value of MS.
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Table  2
Summary of parameter settings for the experiment.

Parameter Setting

Population size 100
Number of generations 40
Probability of crossover 0.8
Probability of mutation 0.2
�c 2.0
�m 5.0
ˇ  2.0

5
s

V
i
o
r
r

T
M
c

T

kmin 2
kmax

√
M, M is sample size

.1. Comparison of results with other multi-objective and
ingle-objective approaches

FCM-NSGA is compared with other multi-objective approaches:
AMOSA [19] and MOCK [15], and with a single-objective cluster-

ng VGAPS [17]. The comparison is considered in terms of the results
f MS  and the number of clusters as shown in Table 3, where the
esults of VAMOSA, MOCK and VGAPS are obtained from [19]. The
esults can be described as follows:

(1) For the AD 5 2 data set, VAMOSA and VGAPS provide the min-
imum MS  value which shows the best partitioning. Regarding
the estimation of the number of clusters, both VAMOSA,
VGAPS and FCM-NSGA are able to detect the correct number
whereas MOCK overestimates the number of clusters.

(2) The MS  value for the AD 10 2 data set shows that FCM-NSGA
achieves best partitioning over the other three techniques.
Both FCM-NSGA and VAMOSA can detect the appropriate
number of clusters but MOCK and VGAPS fail to do so.

(3) Regarding the MS  result from the Square1 data set, FCM-NSGA
performs slightly better than the other three approaches. All
four techniques are able to identify the correct number of
clusters.

(4) For the Square4 data set, FCM-NSGA provides the minimum
MS value. All techniques except VGAPS can determine the cor-
rect number of clusters. MOCK provides the hightest MS  value,
which means poor partitioning is obtained.

(5) The result from the Sizes5 data set shows best partitioning
from VAMOSA which gains the minimum MS  value. The MS
value of FCM-NSGA is slightly higher than that of VAMOSA.
Both VAMOSA and FCM-NSGA are able to detect the proper
number of clusters whereas MOCK underestimates and VGAPS
overestimates the number of clusters.
(6) With respect to the first real-life data, the best result of par-
titioning the Iris data set is obtained by FCM-NSGA with the
minimum value of MS.  FCM-NSGA and VGAPS are able to iden-
tify the number of species from the Iris data set comprising

able 3
inkowski score (MS) and the number of clusters (K) obtained by three multi-objective o

lustering technique, VGAPS.

DataSet Actual K FCM-NSGA VAMO

K MS K 

AD 5 2 5 5 0.29 5 

AD  10 2 10 10 0.13 10 

Square1 4 4 0.18 4 

Square4 4 4 0.49 4 

Sizes5  4 4 0.19 4 

Iris  3 3 0.57 2 

BreastCancer 2 2 0.36 2 

Newthyroid 3 3 0.52 5 

Wine  3 3 0.93 3 

LiverDisorders 2 2 0.97 2 

he values indicate the best performance.
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Setosa, Versicolor and Virginica. VAMOSA and MOCK cannot
distinguish the high overlap between Versicolor and Virginica.
Consequently, the two  species are combined into the same
group and the data is then partitioned into two clusters.

(7) Regarding the BreastCancer data set, all four approaches are
able to determine the appropriate number of clusters but the
minimum value of MS  is obtained by VAMOSA.

(8) From the Newthyroid data set, FCM-NSGA provides the mini-
mum  MS  value. FCM-NSGA and VGAPS are able to determine
the correct number of clusters whereas VAMOSA overesti-
mates and MOCK underestimates the number of clusters.

(9) For the Wine data set, all techniques except VGAPS can identify
the appropriate number of clusters and MOCK gives the best
MS  value.

(10) In the last partitioning of the LiverDisorders data set, FCM-
NSGA, VAMOSA and VGAPS are able to determine the correct
number of clusters. All four approaches provide high values
of MS,  which means they all have difficulty in partitioning the
structure of this data set.

From the above results, the FCM-NSGA algorithm provides
appropriate data partitioning from most of the data sets. It achieves
the detection of the number of clusters of the ten data sets. VGAPS
performs well on separated and compact clusters but fails for
overlapping clusters. This shows that a single optimization of Sym-
index in VGAPS cannot capture different characteristics of data.
VAMOSA also uses Sym-index and applies another criterion, XB
index, where these two  indexes consider compactness and sepa-
ration, respectively. Good solutions are obtained by VAMOSA and
the overlapping structure of AD 5 2 and AD 10 2 can be detected.
However, VAMOSA does not show a consistent performance for
the highly overlapped data as shown in the result from the Iris
data. This can assume that compactness and separation meas-
ures in VAMOSA have a problem to deal with highly overlapping.
Regarding MOCK’s performance, it provides poor results on over-
lapping clusters (AD 5 2, AD 10 2 and Iris data sets). This is reflected
from the limitation of MOCK’s two  objectives considering compact-
ness and connectivity. A tradeoff between the two criteria fails to
distinguish the structure of overlapping data. Overall, FCM-NSGA
outperforms VAMOSA, MOCK and VGAPS. In some cases that FCM-
NSGA is beaten, the difference is on a very small margin. All four
techniques are able to handle well-separated and compact clus-
ters. However, in highly overlapping data, FCM-NSGA is superior to
the other three techniques as obviously shown in the results from
Square4 and Iris which are highly overlapped.
5.2. Comparison of results with MOCK

More experiments have been conducted to compare FCM-NSGA
with MOCK [15]. In this comparison, three data sets (Square1,

ptimization approaches: FCM-NSGA, VAMOSA and MOCK, and by a single objective

SA MOCK VGAPS

MS K MS  K MS

0.25 6 0.39 5 0.25
0.43 6 1.01 7 0.84
0.19 4 0.19 4 0.20
0.51 4 0.60 5 0.52
0.14 2 0.64 5 0.22
0.80 2 0.82 3 0.62
0.32 2 0.39 2 0.37
0.57 2 0.82 3 0.58
0.97 3 0.90 6 0.97
0.98 3 0.98 2 0.98
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Table 4
Adjusted Rand index (ARI) and the number of clusters (K) obtained by FCM-NSGA
and MOCK.

DataSet Actual K FCM-NSGA MOCK

K ARI K ARI

Square1 4 4 0.9763 4.22 0.9622
Square4 4 4 0.8388 4.32 0.7729
Size5 4 4 0.9517 4.2 0.9760
2d-4c 4 4 0.9724 4.12 0.9893
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2d-10c 10 10 0.7291 10.33 0.9451
10d-4c 4 4 0.9730 4.07 0.9962
10d-10c 10 13 0.8217 12.68 0.9673

quare4 and Sizes5)  from the previous experiment and simulated
ata sets including 2d-4c, 2d-10c, 10d-4c and 10d-10c from [15] are
pplied. The quality of clusters is evaluated using the adjusted Rand
ndex (ARI) [34] which is to be maximized. Table 4 summarizes the
esults obtained from FCM-NSGA and the results of MOCK taken
rom [15]. On Sizes5,  2d-4c and 10d-4c, the ARI values of FCM-NSGA
re slightly lower than those of MOCK. FCM-NSGA provides the ARI
alue slightly higher than that of MOCK on Square1. This shows
omparable performance between these two algorithms on those
ata sets. The different results are shown in the highly overlapped
lusters of Square4 and the elliptical Gaussian clusters of 2d-10c and
0d-10c. FCM-NSGA provides better performance to cope with the
ighly overlapped clusters but it performs worse in dealing with
he elliptical clusters.

This is due to the property of these two data sets which contain
lusters of elongated ellipsoid with not clearly separated shapes.
his property causes difficulty for FCM-NSGA which utilizes the
uzzy c-means method. With the intrinsic property of the centroid-
ased mechanism, the fuzzy c-means algorithm is applicable to
llocate clusters of spherical shapes but has a drawback to split
longated ellipsoidal clusters. On the other hand, the connectivity
roperty of MOCK is feasible to handle elongated shapes. From this

nvestigation, it can be concluded that the strength of FCM-NSGA
s well-suited for highly overlapped clusters and its capability is
eeded to be enhanced to deliver better partitioning on elongated
lliptical cluster shapes.

.3. Results from multi-objective and single-objective
ptimizations

The following study is to explore the improvement of multi-
bjective optimization over single-objective optimization from the
orresponding objective functions. Apart from FCM-NSGA, two
ingle-objective clustering techniques have been implemented.

oth use the same framework of the genetic algorithm and

uzzy c-means embeded in FCM-NSGA but consider only a sin-
le objective function. In other words, the NSGA-II mechanism
as been excluded. The first single-objective approach deploys

able 5
inkowski score (MS) and the number of clusters (K) from the multi-objective optimizat

DataSet Actual K FCM-NSGA 

K MS 

AD 5 2 5 5 0.29(1) 

AD  10 2 10 10 0.13(1) 

Square1 4 4 0.18(1) 

Square4 4 4 0.49(1) 

Sizes5  4 4 0.19(1) 

Iris  3 3 0.57(1) 

BreastCancer 2 2 0.36(1) 

Newthyroid 3 3 0.52(1) 

Wine  3 3 0.93(1) 

LiverDisorders 2 2 0.97(1) 

he values indicate the best performance.
puting 24 (2014) 679–691

the overlap-separation measure (Eq. (7)), called FCM-GA-OS.
Another approach, called FCM-GA-Jm, implements the Jm index (Eq.
(4)) as the objective function.

In this study, all data sets and parameter settings are the same
as those applied in Section 5.1. The results of MS value and the
obtained number of clusters from all three clustering techniques
are shown in Table 5. The performance ranks are also indicated
within parentheses.

Considering overall results from the two  single-objective tech-
niques, FCM-GA-OS provides better results of MS  and the number
of clusters than those of FCM-GA-Jm. FCM-GA-Jm overestimates
the number of clusters from all data sets. FCM-GA-OS is not able to
detect the proper number of clusters in Sizes5,  Iris,  Newthyroid and
Wine data sets. The unequally-sized clusters of Sizes5 and Newthy-
roid as well as the higher number of features from Wine cause a
problem for FCM-GA-OS. Overlapping data in Iris is another impor-
tant characteristic that FCM-GA-OS fails to detect although it is able
to detect the appropriate number of clusters of AD 5 2 and Square4
which also have the overlapping property.

Regarding the inferior result from FCM-GA-Jm, the obtained
number of clusters tends to be overestimated. This corresponds to
the aforementioned problem of Jm because data partitioning with
an increasing number of clusters tends to give a decreasing value of
Jm. This objective function therefore fails to determine the number
of clusters.

After the overlap-separation measure and Jm have been incor-
porated in the multi-objective optimization in FCM-NSGA, both
objectives can balance the measurement for chromosomes’ fitness
to capture data structures. The performance improvement is clearly
seen in FCM-NSGA which is superior to the two  single-objective
techniques, as shown from the MS  value and the result of the num-
ber of clusters in most data sets.

Figs. 6–10 compare the results from the five synthetic data sets
of data partitioning obtained by FCM-NSGA with center markings
and the true data partitioning. FCM-NSGA performs well under the
well-separated structures of AD 10 2 (Fig. 7) and Square1 (Fig. 8)
as well as the unequally-sized clusters of Sizes5 (Fig. 10). The
higher values of MS  are obtained from the partitioning for the
highly-overlapped shape in AD 5 2 (Fig. 6) and Square4 (Fig. 9). The
overlapping characteristic causes more misclassification of the data
points which are at the borderline between clusters.

It can be seen that the overlap-separation objective performs
well to identify overlapping clusters. However, this objective
cannot succeed for diverse cluster shapes when it works alone
in the single-objective optimization. This is because the number
of clusters is kept dynamic in the optimization. The Jm index is

capable of balancing well against the overlap-separation objective
for this dynamic problem. Therefore, the performance of the algo-
rithm is obviously improved when the two  criteria are optimized
simultaneously.

ion FCM-NSGA and two single-objective approaches: FCM-GA-OS and FCM-GA-Jm.

FCM-GA-OS FCM-GA-Jm

K MS  K MS

5 0.29(1) 13 0.81(3)
10 0.15(2) 18 0.66(3)

4 0.20(2) 28 0.92(3)
4 0.50(2) 29 0.94(3)
3 0.34(2) 27 0.96(3)
2 0.82(2) 8 0.79(3)
2 0.36(1) 20 0.93(3)
2 0.74(2) 11 0.93(3)
2 1.06(2) 9 0.96(3)
2 0.97(1) 14 0.99(3)
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Fig. 6. AD 5 2 (K = 5): (a) data partition using FCM-NSGA (MS  = 0.29) and (b) true solution.
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Fig. 7. AD 10 2 (K = 10): (a) data partition using FCM-NSGA (MS  = 0.13) and (b) true solution.
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Fig. 8. Square1 (K = 4): (a) data partition using by FCM-NSGA (MS  = 0.18) and (b) true solution.
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Fig. 9. Square4 (K = 4): (a) data partition using by FCM-NSGA (MS  = 0.49) and (b) true solution.
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Fig. 10. Sizes5 (K = 4): (a) data partition us

.4. Results of non-dominated solutions

The final non-dominated solutions obtained by FCM-NSGA on
he real-life data sets, Iris,  BreastCancer, Newthyroid, Wine and
iverDisorders are illustrated from Figs. 11–15, respectively. The
olutions are plotted in the two-objective space and grouped
ccording to K, the number of clusters. FCM-NSGA provides solu-
ions with a range of different numbers of clusters varying from

 to 8 on Iris,  2 to 21 on BreastCancer, 2 to 11 on Newthyroid,
 to 9 on Wine and 2 to 14 on LiverDisorders.  Some numbers
f K are eliminated. This can be assumed that the solutions
ith skipped numbers of K are dominated by better solutions

ccording to a tradeoff between their fitness values from the two
bjectives.

All results of the Pareto-optimal front are accordingly shown
s the value of overlap-separation increases whereas Jm decreases
ith an increasing number of K. These solutions are approximately

rdered by K increasing from left to right. This shows the conflict
etween the two objectives when a range of numbers of clus-
ers is considered. To partition data for the appropriate number of

lusters, a tradeoff between the Jm index and overlap-separation
s required. The preservation of diversity in the population is
nother key to maintaining solutions with different numbers of
lusters. From the reasonable spread of the solutions, it shows that

Overlap separation

Fig. 11. Non-dominated solutions obtained by FCM-NSGA on the Iris data set, where
K  varies along the Pareto front.
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ig. 12. Non-dominated solutions obtained by FCM-NSGA on the BreastCancer data
et, where K varies along the Pareto front.

CM-NSGA through the NSGA-II mechanism is able to handle such
reservation.

.5. Results from different parameter settings

In the evolutionary process of SBX, �c in crossover operation
nd �m in mutation are the distribution indexes to control how
ffspring are similar to their parents. The experiment in this sec-
ion shows the sensitivity of these parameters in two population
izes. �c and �m are set equal as 2, 5 and 20 in small population size
PopSize = 40) and larger population size (PopSize = 100). Addition-
lly, other parameters are kept constant as follows: termination

riterion: 40 generations; probability of crossover: 0.8; and proba-
ility of mutation: 0.2. Different population sizes and distribution

ndexes are set:
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ig. 13. Non-dominated solutions obtained by FCM-NSGA on the Newthyroid data
et,  where K varies along the Pareto front.
Fig. 14. Non-dominated solutions obtained by FCM-NSGA on the Wine data set,
where K varies along the Pareto front.

(1) Setting 1: PopSize = 40, � = 2
(2) Setting 2: PopSize = 40, � = 5
(3) Setting 3: PopSize = 40, � = 20
(4) Setting 4: PopSize = 100, � = 2
(5) Setting 5: PopSize = 100, � = 5
(6) Setting 6: PopSize = 100, � = 20

These six settings have been tested for three data sets: Square4,
BreastCancer and Iris. The results of Minkowski score (MS) and the
number of clusters (K) are shown in Table 6. In Setting 1-3 using
PopSize = 40, the MS  values of BreastCancer and Iris are slightly dif-
ferent in different � values. The different � values obviously affect

the optimization for Square4 which the algorithm cannot determine
K and produces high values of MS.  Once larger population size is
used in Setting 4-6, FCM-NSGA with different � values produces
the similar results of MS  and K for each data set. This means
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Fig. 15. Non-dominated solutions obtained by FCM-NSGA on the LiverDisorders data
set, where K varies along the Pareto front.
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Table 6
Minkowski score (MS) and the number of clusters (K) from the multi-objective
optimization FCM-NSGA using different settings for three data sets: Square4, Breast-
Cancer and Iris.

Settings Square4 BreastCancer Iris

K MS K MS K MS

Setting 1 8 0.72 2 0.37 3 0.57
Setting 2 6 0.63 2 0.38 3 0.59
Setting 3 6 0.65 2 0.38 3 0.57
Setting 4 4 0.50 2 0.37 3 0.57
Setting 5 4 0.49 2 0.37 3 0.57
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Setting 6 4 0.50 2 0.37 3 0.57

ifferent � values do not affect the performance of the algorithm in
 proper population size.

For the results of Square4, the correlation between data size and
opulation size is considered. Since the size of Square4 is larger
han those of BreastCancer and Iris,  varying � values affect only on
quare4. Once data size is large, a range of the number of clusters
n a random population is also wide. Small population size cannot
ope with this situation and may  make many errors in the search
rocess. This can be solved when larger population size is applied.
owever, the question is raised if a large data set with large K is
pplied, how the population size should be. This issue is remained
o be explored in further research.

. Time complexity

The FCM-NSGA has a worse-case O(GPNkmaxd) time complexity,
here G denotes the number of generations, P is population size,

 is the size of data, kmax is maximum number of clusters and d is
ata dimensions.

1) In an initial population, strings are created kmaxd time and each
string is created in d-dimensional features until the population
size P is full. Therefore, this construction requires O(Pkmaxd).

2) In FCM clustering for each individual, both procedures of mem-
bership assignment and updating of center values take Nkmaxd
time. This requires O(PNkmaxd) for all individuals in the popu-
lation.

3) The first fitness assignment of the overlap-separation objec-
tive needs kmax log(kmax) to sort membership degrees of all
clusters. Nkmax log(kmax) time is executed for all data points.
In another fitness assignment of Jm index, Nkmaxd is required
to calculate distance from data points to cluster centers. The
overlap-separation and Jm index take O(PNkmax log(kmax)) and
O(PNkmaxd)), respectively.

4) Mutation and crossover operators execute O(Pkmaxd) time each.
5) The non-dominated sorting in NSGA-II needs MP time for each

solution to compare with every other solution to find if it is
dominated. M is the number of objectives and a maximum
number of the non-dominated solutions equals the population
size P. The comparison for all population members therefore
requires O(MP2) time, where M = 2.

6) In the label assignment for each non-dominated solution,
Nkmaxd time is required to assign label for every data point. To
select the best solution from P non-dominated solutions, this

yields O(PNkmaxd) time.

The computation is dominated by the operations of FCM and
tness assignment of Jm index. This worse-case time complexity is
(PNkmaxd) per generation. It therefore becomes O(GPNkmaxd) for

 number of generations.
puting 24 (2014) 679–691

7. Conclusion and discussion

In this paper, FCM-NSGA has been developed using NSGA-II and
the FCM clustering technique to solve the data clustering problem.
NSGA-II is used to control the multi-objective optimization consid-
ering two  criteria: Jm and overlap-separation. The FCM algorithm
is applied when patterns are assigned into different clusters with
different degrees of membership in soft partitioning. The algorithm
finally produces a set of non-dominated solutions. The final solution
is chosen from this set by a semi-supervised method with the FCM
concept for label assignment. FCM-NSGA has been compared with
a single-objective technique: VGAPS [17] and two multi-objective
techniques: VAMOSA [19] and MOCK [15] for given data sets includ-
ing five synthetic and five real-life data sets. More data sets with
elliptical shapes are also included for the comparison with MOCK.
FCM-NSGA is able to handle well-separated, compact and over-
lapped clusters, but has a poor performance to detect elongated
ellipsoidal clusters.

Apart from the fundamental frameworks, another key success
in FCM-NSGA is from the chosen criteria. Jm is used to indicate
compactness, and overlap-separation is responsible for the detec-
tion of overlapping characteristics of clusters. It is clear that the
optimization of either Jm or overlap-separation one at a time is
not effective enough for various cluster shapes. Once these two
objectives are optimized simultaneously, the performance of the
algorithm is improved. This shows the multi-objective approach
has a performance advantage and can achieve quality solutions.

Despite its good performance, FCM-NSGA has some inher-
ent drawbacks. Since this multi-objective technique provides an
approximation to the real (unknown) Pareto front only, the optimal
cluster solution cannot be guaranteed. Also, FCM-NSGA provides
a set of admissible solutions with different numbers of clusters.
The choice of the number of clusters cannot be done by the algo-
rithm itself. It requires ten percent of known labels of data patterns
used by the semi-supervised fuzzy decision for label assignment.
To select the final solution, all data points with true labels are used
to calculate the Minkowski score. In this case, this post process is
needed to be improved, once labels of data set are not known a
priori and not to be included in the decision maker.

From the high computation of the Jm index, it is possible that
other criteria may  be more suitable to be incorporated with the
overlap-separation criteria. Other criteria may be investigated fur-
ther. In addition, this multi-objective technique inherently requires
high computation. It is therefore not suitable for some applications
with heavy time or memory constraints.
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